MEMORANDUM

FRA
UNIVERSITETETS SOCIALOGKONOMISKE INSTITUTT

OSLO

MdJ.

6 November 1948,

AUTONOMY OF ECONOMIC RELATIONS

By
Ragnary Friseh
Trygve Haavelme
.T.Ce Koopmans
Jo. T inbergen



MEMORANDUM

FRA
UNIVERSITETETS SOCIALYOKONOMISKE INSTITUTT

0OSLO

MJ. 6 November 1948,

AUTONOMY OF ECONOMIC RELATIONS

By
Ragnar Frisch
Trygve Haavelmoe
.T.C, Koopmans

Jo, Tinbergen

60.000.6.52.0.F.



Preface

g o———

For any economic relations introduced into our
anclysis we may ask: How autonomous is it? This
question is extremely impor¥znt, In one sense it is the
most basic question one mey raise in all sorts of econometric
work, The Institute has found it expedient 4¢ reproduce
in the form of o stencil-memo some contributions that
heve been made towerds o discussion of this question, namely:

1. Ieegue of Hetions, "Statistical versus Theoreticel Rela=
tions in Economic Macrodynemics,"

A memorandum prepered by Prof, Frisch for the Business Cycle
Conference at Cembridge, Englend, July 18th - 20th, 1938,

to discuss Professor J. Tinbergen's publicetions of 1938,
for the League of Nations,

2. League of Nations, "Mr. Tinbergen's reply to Professor
Frisch's note on "Stetis*ticel versus Theoreticel Relations
in Economic Mecrodynamics.

%, "Probability Approach in Econometrics" by Trygve
Hesvelmo. Cowles Commission Pepers, New Series, No. 4. 194k,
Section 8 of Chapter II.

L. Terts of Professor Frisch's article "Repercussion Studies
st Oslo." Americen Economic Review. Volume XXXVIII, No.3,
June, 1948,

5. "Identification Problems in Economic‘EodelAConstruction"
by T.C. Koopmans. Sowles Commission Discussion Papers,
Statistics: 316, July 19, 1948,

We are perticularly glad to be oble to reproduce the important
contributions from Professors Tinbergen and Koopmens, both
outstanding in the field of econometrics and both friends of
the Oslo Institute. At one gﬁﬂéﬁfﬁ%%pmans spent considerable
time as e visiting research associate at the Oslo Institute.

He is now Director of Reseerch of the Cowles Commission,
University of Chicago.
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As Professor Trygve Haavelmo is "one of our own"
it would not be fitting for me on this occasion to
expound on the importance of the contributions he has made
in this field,

In the field of statistical methodology the problem
before us has given raise to what is.now cal edtgbnfluence
analysis (Frisch, Koopmans, Reiersel,;‘eag%da “F8I5%4d methods
of Jerzy Neumen (Econometrica Jan., {948}, These more technical
aspeots of the problem are not covered in the present excerpts.

Ragnar Frisch,

1. League of Nations, _Statistical versus Theoretical Relations in XEconomic

Ma.crodynamics,

A memeorandum prepared by Prof, Frisch for the Businesé ‘Cyole Conference at Cam=
bridge, England, July 18th - 20th, 1938, to discuss Professor J, Tinbergen's

publications of 1938, for the League of Nations.

Introduction,

The present memorsndum has been written rather hurriedly, and the text is
therefore not as carefully polished as it ought to be in a manuscript ready for
publication, Tt should, however, be clear enough to bring out my point of view,

The present memorandum does not disocuss details of the various equa.tions
which Tinbergen has cbotained and whose coefficients he has determined statisti-
cally, My main concern has been to discuss what equations of this type erally
mean, and to what extent they can be looked vpon as "y Statistical Test of Business
Cycle Theories". (The title of one of the volumes which Tirbergen has presented for

discussion),

My conclusion is that the work which Tinbergen is now pre.senfing is of para=-
mount importance, perhaps the mosit important single step forward in Business Cycle
Analysis of recent years, But I do not think that it can be looked upon as "A Test
of Business Cycle Theories", The question of what connection there is between
the relations we work with in theory and those we get by fitting curves to actual

statistical date is a very Jelieate one, I think it has never been exhaustively and
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satisfactorily discussed. Tinbergen irs his wark hardly mentions it, He more or less
takes it for granted that the reiations he hes found are in their nature the same

o8 those of theory. See for ins"tance his discussion in Vol, II P. 109 - 123 where
he constantly refers to the coefficients of his equations and takes the signs and
megnitudes of these as tests of whethér certain theoretical contentions are right or
wrong. This is, in my opinion, unsatisfactory. In a work of this sort, the connec-
tion between statistical and theoretical relations must be thoroughly understood

and the nature of the informetion which the statistical relations furnish -

although they are not identical with the theoretical relations - ,should be

. glearly brought out,

The present memorandum is an attempt to bring some contribution to this
question, It will be divided into 7 sewiions viz, | |
1. So‘rvne’remarks on terminology.
2. Functional equations and their solutions,
3. fThe irreducibility of a functional equation with respect to a set of functions,
L. Coflux and superflux relations, The nature of passive observations,
5, The autonomy of a functionnl equation. The nature of explanation, experimentation
and reform,
6. Averrations versus stimuli, Confluence analysis and éhock-theory.

7. Interpretation of Professor Tinbergen's results,

1. SOME REMARKS ON TERMINOLOGY.

In any macrodynamic arnelysis there will be some con +tants or functions of time
thet ere taken as date while oth s are considered as the variates to be "explained".

A determinate theary is one that considers just as many independent relations as

there are variates to be explained.

We shall use the expression "mature" or “constitution" of the system of
phenomena studied as the whole of all those characteristics that describe the
"way of functioning" of these phenomena, When we speak of the " structure" of: the

system, we think more specifically of those features of the Yaonstitution" that can
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be quantitatively described, We speak for instance of the "structural equations"
for the system., We do not intend however to draw any sharp line of demarcation
between constitution and structure, The difference beﬁeen them is only one

of degree and one that. is not very importent, The precise definition of a strue-
ture is a mtter of theorising although of course the leading idéas of the

theoretical definitions will frequently be suggested by facts,

A disturbande is a deviation from that situsation which should have existed

as a consequense of the structure., In other words, it is something incompatible

with the structure, something new and spontaneous introduced in addition to

the structure, Such disturbances mey be of two sorts: sberrations and stimuli.

A stimulus is a disturbance that carries on its effects to the subsequent states
of the system, - through the structural equations, In other words at any given
moment it is the magnitudes of the variates including the stimuli that are taken
as influencing the further evolution, that is, the stimuli act as a sort of pere
menently changing initial conditions, An aberration is also a departure from
the value which a variate should have had according to the structure, but tﬁis -
d.epartui‘e acts only at the actual moment at which it occurs, it is a sort of
instantancous addition - unexplmsined by the structure - and without any con-
sequencc for the subsequent states. In other words it is the magnitudes of the
veriates exclusive of the aberrations that act as initial conditions for the

subsequent states,

The cxistence of aberrations leads to the application of the methods of

Confluence analysis.X The existence of stimuli leads to the shcck-theory.'—’-g"

There may also be mixed cases but I shall not go into this question here.

2, FUNCTIONAL EQUATIONS AND THEIR SOLUTION.

The structure of a macrodynamic system will be described by means of a

nurber of functional equations. We shall in perticular consider linear lag-

equations, and taking as our variates the deviations from certain trend values,

x :
“Sce the publication "Confluence Anelysis" of the University Institute of Econo=
mics, Oslo, »

¥Ppublication in preperation at the Oslo Institute,
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it wiil be suffiéient for our pui‘pose to éonsider homogenéous equations., Lét
;1“')' ...xN’(t) , be‘a number of variavt;,es v}hose mowvement is to be exphined,

+ designating time, Ié%‘%l(t),, ‘;';N(t) " be trend values determined in some way
or other, and let xl(t),,_xm(t} ’be devianticns fxfom trend, i.e.
(2.1) x, (8) = % (%) - % (%) |

Between the variates X, we assume o number of relations (structure eq_uations)
of the form
(2.2) Zio%eie%i(t - ©) =0 ' (k= 1,2...).
k represents different equations, while the summation i represents the terms of
each equation, i runs thrcuzh all or some of the variate numbers 1 ... N, and ©
runs through a certain range of lag numbers, in general different for each variates

The i 6 rongg im each equation determines the nature of the terms involved, we shall

call it the form of the equation, the a'sare the coefficients of the equation,

The distinction between the form and the coefficicnts of the equation is essential

for the discussion in Section 4. A similar distinction mey of course be made for
mére general types of functionnl equations,

Por the discussion of the following Sections it is necessary to summarise some
of the classical facts of the theory of linear lag-equations (difference equations),
A certein number of equations of the form (2.2) = equal or unequal to the

number of variates N - are said to be linearly independent if it is impossible to
deduce any one of the equations from the others no metter what the time shapes of the
veriates are, A necessery and sufficient condition for the independence of a sct
of m equations of the form (2.2) , is that thcre should not exist any set of numbers
-'}‘1}"2"}‘15 not all ?;ero,' such that
(2.3) ' zkkkakie =0 for any i ©
In terms of the coefficients G the criterion can be formulated by considering the

m rowed and M columned matrix
(2.4) |
- Noggell ,

where all i ‘.9 combinations sare written as colums, M being the number of diff exremts
18 combinations that exist in 2ll the m equations and k representing the rows,

The equations are independent when and only when this matrix is of rank m, Or again

the criterion cen be formulated in terms of the moments (CLhO'k) the summetion being
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extended over all 4@ combinations, The equations are independent when and only

when the symmetric determinant of the megnitudes (Ghak) is different from zero,

For each equation of the kind (2.2) that we add, we make less general the class
of functions that setisfy the equations. If the number of equations becomes equal

to N the system is determinate . This means that the mature of the solution

hes been restricted as much as it is possible to do so by means pf functional time
equations, - It does not mean that the set of functions xl(t)';;xN(t) is completely
determined, a considersble amount of freedom is still left and will have to be
determined by a set §f ig;?ig}_conditiohs. But this determination is in point of
principle different from that achieved by the functional equations, This.is shown
clearly by the faé% that we cannot, say, replace the initial conditions by one or more
edditional equations of the form (2.2), Indeed if there are more than N independent
equations of the form (2.2), there will in general exist no functions satisfying the

system,

The solution of a determinate system of the form (2.2) can be achieved either
directly or by means of expensions in series of complex exponentials, The direct »

method is applicable only in the simplest cases, Take as an example the system

(2.5) 4%y (8) - X (%) = 0

% (t) + a x (t -8) =0 '
From this follows immddistely 2 2 a X+ A% (= e)=0
(2.6) hence xl(t) + xl(t -8)=0

A solution of (2.6) is obtained by choosing arbitrarily the shape of x, over
an interval of length ¢ and then repeating this shape antiperiodically for each
subsequent ¢ interval, (2,6) shows thet no more genﬁrél form than this can be an X
solution of (2.5). If we further put Xz(tf =gg‘x1(t) we get a complete solution of
(2.5), Obviously this is the most general form of the solution., Any function that
cmbcamhﬁm,m%beawmhlwwofmm.TMaﬂﬁmwsmmof&mmrmé
original g intervel is here the initinl condition., Putting this equel to a sine
function with period 26, we get, both far Xa end X,, over the complete t range, -
sine functions with this period,

In the more compliceted ceses one must resort to the indirect method. It con-
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s}.sts in trying to safisfy the equati'ons‘by exponsions of the farm

(2.7) )7 5000

where ¢ are constants and the summtion over y runs over certain values to be
i

(i=1,2,...N)

determined, Comp_ie;& numbers sre admitted both as  (rs and v's,

Tnserting (2.7) in (2.2) we get - if the system is determinate -
‘ by ) ‘ Y(t - 9)= = 7

(2.8) Zi16%c16%5y° 0 (k = 1,2...N) - N

| Any number of exponential functions with different exponentials ere linearly
independent, therefore if the yisare different, (2,8) cannot venish identically
'in t unless the terms of (2.8) vanish separately for eachy » Assuming for the
moment all the 15 to be different we see that we must have -

4 -Yo

(2.9) Zig%16%10°

‘7 =0 for all v and k.
For any given value of + this is a system of lineer homogéneous equations

(k=1,2.,.N) in the set of N numbers ) If this system is to have a

solution apent from the triviel G =...=Cy=0, the determinant of the coeffi-
 cients must venish, i.e, we must have ‘

2,10) - /Z‘bakiee—YQ/ =0 for_ any ¥y

.k apnd i designate rows and columns respéctively in the N rowed determinant (2,10),

(2.10) is the characteristic equation whose roots {5 general infinite

YgYpreere

in number) give the cxponents of the expression (2.7).' Under very general conditions
this expension is valid even though some of the yvts are equal, the only
difference being that in this case the multiple terms are replaced by a polynonﬁ.al
in t (of the order equal to y - 1if 4 is the multiplicity of the y- root)
multiplied by the exponential in question., We need not consider this cese here,
The ch‘arac’eeristic‘ equation could also huve been obtained by eliminating - in

a way similar to‘ that L;sed to obtain (2.6) = a certain number of the variates in
order to get e "final equation" in one or a few veriates, and then forming the
.cheracteristic equation for this, This procedure is ofter;. useful when it ip wanted
to g'ive"a' concréte interpretation of the mechanism of the solution, but in point of
principle it is jus’c as easy to form the characteristic equation directly as in
(2.10),

It will be noted thet the sct of exponents as determined by (2.10) ig the same for
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211 the variates X,. ..xN. In other words all the variates conta;in the seme sort of

components (if Y is o real number the component in question is a real exponentisl,

if v isa complex number its conjugate must also be a solution of the characteristic
cquation and these two terms together will form a real, domped, undamped or antidamped-

sine function). But the intensities with which the components occur in the various

variates will be different, These intensities, -~ amplitudes - are represented by

the numbers C, . The distribution of these numbers and in particular the extent to which
1y

it is determined by the functional equation is essential for the interpretation of the

relation between statistical and theoretical relations in economic macrodynamics,

For any given+y the corresponding numbers nlY".CNY will - if (2,10) is of
rank N - 1 for this value of ¥ = be uniquely determined apart from a common factor

of proportionzlity C,_. Indeed, the numbers C 33f...cNY will, when (2.,10) is of rank

Y
N = 1, be proportional to the elements in & row of its adjoint (the elements of all
these rows are proportional), There exists at least one row which does not consist

exclusively of zeros and hence determined the proportions in question., ILet F"‘_

.‘.-/C\
At Ny

be one such set of proportionality numbers, We mey then put

(2.11)
where C'Y' is an arbitrery number,

Z

C, = e C,
B G A A

This applies to any root ¥ that mokes the rank of (2.10) ¥ -1, Suppose that only
such roots exist (the other cases do not elter those features of the amplitude distribus

tion in which we are here interested),
Inserting (2.11) in (2.7.) we see that we cen draw the following conclusions:

Each variate of the set of functions that is a solution of (2.2) can be expanded

a& a sum of trigonometric components, The frequencies and damping exponents of the

COmPorlen‘Es are determined by the equations (2.2) » and so ere the relative amplitudes,
that is the ratio of the amplitude of a given component in one of the variates to that of
the sme component in another wariatc. But the sbsolute amplifu.des are not determined
fuy the equations (2.2), If these equations only cre given, we may choose the absolute
Strengths of the various components in one of the variates arbitrarily (the choice of the

f@%mbers CY )5 but then the absolute strengths of these components in the other wvariates
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follow since their relations to the amplitudes of thé'components in the.one veriate we
selected ere determined by the equations (2.2), Briefly, the relative amplitude:
distribution is determined by the equations (2.2), but the absolute amplitude

distribution has to be fixed by the initial conditions.

A similar situation exists‘for the phase distributions. Indeed the timing
of & given component in one veriete as compared with that of the seme component in
another verinte is determined by the equations (2.2), but the timing of the various

components in one selected veriate must be fixed by the initinl conditions.

By elimination processes similar to that used in obtaining a final eqpatlon,
meny new systems of equations moy be deduced from (2.2). 1If the correspondence
between the two systems is unique in the sense thet the new’systeﬁ mey be derived from
the old and vice verse, with identical variates invblved, the solutions of‘the two
systems mﬁst be identicel. In particular it is of interest to consider lineaf-
elimination processes,. tl hgt is processes where the form of the equatlons (the
specification of the functlons and lag-numbers that occur in the equation) is the same

but the coefficients are changed, Any transformation of the form

(2.12) "io = Tn tan Tnio

where ﬁkh ~ is a non-singular motrix, independent of i@ , will furnish a new
system of equations, that are independent if the old system is, and has exactly the

same set of functions as its solution, - eand vice versa,

We shall now discuss in somewhat greater detail these various equations that
have the same solutions, and introduce a classification of them which is impartant for
our purpose, In particular we shall consider equations which have the same form but

different coefficients,

3, THE IRREDUCIBILITY OF A FUNCTIOMAL EQUA TION WiTH RESPECT T0 &

SET OF FUNCTIQIS.

‘When we compure o functionmal equation involving one or several functions with

parbicwler set of functions, there are two questions to be asked: Does the set of
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functions: satisfy the equation and does 11 satisfy this squation only?

Obviously, the set will satisfy all equetions which . involving identical
fenctions = can be derived from the first equation, so we are only interestgd in
knowing whether the set satisfies some other equaticn which is independent of the first,
Furthermore we shall not consider all other conceivable equations but cnly those which

are of the same form as the first but have different coefficients, Tn the case of

homogencous equations of the form (2.2) this means that for any given one of these
equations (any given k) we are interested in knowing whether a particular set of func-
tions considered setisfies not only this equation but élso another with the same 10 -
range but with coefficients that are non~prupcrtional to those of the first equation,
If this is so, we shall say that the first equation is reducible with respect to this.
set of functions, if not it is irreducible. Thus an irreducible equation of the form

' (2.2) is one whose coefficients are uniquely determined and allow of no degree of

freedom if the equation is to be satisfied by this set of functions (apart from the

arbitrary factor of proportionality which i. always present in the case of a homoge-
neous equation). It is clear that the property of irreducibility must be important
when we are studying the nsture of those eqpatiohs that cen be determined from the

knowledge of the time shapes of the funciions thet are to satisfy the equations,

Obviously the first equation in the above definition is reducible , the second is
also reducible. The set of functions involved in the definition may be specified in
great detail or only very broadly as a general class of functions,

A similar definition may be established for o system of equations but we shall
only need it for a single equation,

If an equation is given, we may consider the class of all those sets of functions
(satisfying the equation) which have the property that the equation is irreducible
with respect to those sets of functions., This class we moy call the irreducibility -

class of the equation,

Iet us consider some simple propositicns and some examples that will help us to
visunlize the noture of this irreducibility definition, In the first place it is easy

to see that there cannot exist two or more cquetions of the same form which are both
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irreducible with respect to the same set of functions, But if the fwo equations are
of different forms (e.g. with different leg-numbers) each of them my be irreducible for

the s=me set of functions,

In the second place we notice that any funotiomal equation is irreducible with
respect to the most general set of functions thot satisfy this equation. Indeed, if
the set of functions Should also satisfy another equation - independent of the first

~ this would represent o restriction to the set, so that it could not acﬁually be
the most general set that satisfied the first equation, But if we consider a set of
functions that satisfy two independent equations, neither of the equations need be
irreducible with respect to this set, This is indeed a mare special set of functions
and the requirement that this set shall be a solution is less rigorous and therefore

places less restrictions on the coefficients of the equation.

As 2 more particuler example let us consider the equation (2,6). Pure sine
functions with period 2@ is o solution, and for functions of this sort the equation
is drreducible, because there do not exist any wvalues of p and q which will meke the

equation
(3.1) pxy(t) + ax;(t - 9) =0

an equation satisfied by pure sine functions of veriod 2@ , except the values p = q.

And in this case the equation is the same as (2.6).
On the other hand take the equation
(3.2) 0.6x,(t) + x;(t - @) + 0.4x,(t - 28) = 0

This equation is also satisfied by a sine function of period 26 (which is easily seen b}
insertion), but it is not irreducible with respect to this function. The equation

would also be satisfied by this.functioﬁ if we let the first coefficient be 0,9 and

the last 0.1, or quite generally if the sum of the first and last coefficients are

equal to the middle coefficient, In this case the coefficients of the equation have a
one dimensional degree of arbitrariness (even apart from the arbitrary factor of |

préportionality which is always present in the homogeneous equations).
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The following is a general rule about the reducibility of equations of the form
(2.2).

(3.3), Rule aBout reducibility: If the functions with respect to which reducibility jis

defined are made up of n exponential components (two complex exponentials correspond

P

to one damped, undamped or antidamped sine function), the equation is certainly

reducible = and hence its coefficients sre affected in a more ar less arbitrary

ganner = if it contains more than o+l terms. And it may be reducible even if it

contains nel terms or less,

Let us first consider as an example the following three term equation in one

function

al.x(t - 91) + az.x(t - Qz) + cz(t -0,} =0

(3.4)

If x is Sl%ﬁ}y an exgynentlgégx(t) = CéY the left-hand side of (3..L) becomes
Céth'a L age 2y a,e '
In order that this expr6331on should venish identically in t it is necessary and suffici-

ent that the bracket should disappear, This leaves a one dimensional arbitrariness
in thea's even apart from their arbitrary common factor of proportiohality.

if the function considered is of the form

(3.5) x(t) = aeb®

sin(a + at)

it is equivalent fo‘tWO exponential components, . *+ and sirde the number of
terms in the equation is only 3, the equation may be irreducible, But it may also be
reducible if the lag-numbers satisfy certain special conditions. Inserting from (3.5)

into the left-hand side of (3.L) we get
2Pt sin{a + at)f'al 110,55y +0 3h$1+‘Aeﬁtcos(a»at)[fa1T 0, T +a3151
(3.6)
where —ﬁei . -8,
: Ci= e cos a 91 T e sin o o1
(3.7) .

In order that (3.6) shall venish identically in t it is necessary and sufficient
that the two brackets should disappear separately (because the two time functions in

front of the brackets are linearly independent,) I.e. we must have
00+ Gg0p% 050 = O

G.l"b'l+ G.Z'T.'2+ 0.3'1.’3'-'- 0

(3.8)
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mhese are two equations in the a's, If the coefficients of the two equations are

proportional, i.,e, if

(3.9) G % %
-"Cl -’l.'a ’Fs

. set of a's that satisfies one of the equations would sutomatically satisfy the

~ other, Hence there would again be only one condition for the three a's consequently the
a's  would have a one dimensional arbitreriness, even apart from the usual factor of
proportionality. The condition (3.9) is equivalent to the condition that all the three
two-rowed determinants in the matrix of coefficients iﬁ (3.8) should vanish (if any

two of these determinants vanish, the third vanishes automatically).

Since ,Gscj i -B(ege )
= e sin 0,(9j -0

)
(3.10) 57y 1

we see that in terms of the lag-numbers the condition (3.9) is reduced to -
(3.41) - g %%

where h and k are integers (h=k orh=0or k=0 represent trivial cases).

Thus, if (3.11) is fulfilled, (3.l) is reducible with respect %o (3.5)-

A general critériop for the case when even the (n + 1) terms equation is
reducible with re;pect.tg a series consisting of n exponential components, is
provided by the n rowed and (n + 1) dolumned matrix

o Yy —Wiz* -ngl “nga
(3.12) e T Oy reesCy® ) O i
where i, j... are the affixes of the verisbles xj, xj“f which occur in the equa=
tion considered, andre‘l, 9.2... jl .2..., sre the lag-numbers, The I'ows of
(3.12) are proauced by lettingy run through the characteristic numbers of which
we here suppose that there exist n. For the (n + 1) term equation in question to be
reducible with respect to the set of functions considered, it is necessary and suffi=
cient that the matrix (3 12) should be less than n. More preclselv' if it is of rank
!éfn (wnlch is a criterion that depends only on the nature of the functions in ques=
tion and the @istribution of the lag-numbers) the equation will have an (n - 1) dimen-

sional reducibility, i.e. its coefficients will have an (n = r) dimensional degree of
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arbitrariness, in addition to the arbitrary factor of proportionality associated with

. the homogeneity of the equation,

4. COFLUX AND SUPERPLUX EQUATIONS.

THE MATURE OF BASSIVE OBSERVATIONS.

If a determinate system of thé form (2.2) is given, it is of perticular inte-
rest to consider the reducibility of the various equations with respect to that
class of functions which is a solution of the complete system, This, of course, is
a much more special class of functions than that which satisfies each equation
taken separately, and the reducibility of the equation is correspondingly highexj.
The specialisation of the functions is 'still further increased by the initial co;a-—
ditions, We have indeed secn that even though the solution of the equations
themselves may contain a large = perhaps infinite - number of components, the
equations do not say anything about the absolute amplitude disfribution. It may
indeed happen that in the actual solution all components will disappear except, say,
one which is a pure sine curve, In this case all the original equations that con—
sistéd of more than th.ree terms would certeinly be redugible, and even some: of the
three-term equafions might be redﬁcible. An equation which is irreducible with
respect to the set of functions that'f’orms the actual solution of the oomplete system
(including ’cho'se determined by the initial conditions) we shall call a coflux
equation. The others - those that are reducible with respect to their set of func-
tions = .will be called superflux equatior{s. These ]atﬁer equations are of course in
a particular sense irreducible, but with respect to more general classes of functions.
If any one of them is not reducible for any more special class of function it is at
least irreducible for that class which consists of its own most general solution,
The word "flux" in this conncction suggests that the reducibility is here defined with

respect to the time shape - the "flux" - actually possessed by the phenomens,

The notion of coflux relations is fundamental viaen we ask what sorts of equations
it is possible to determine from the knowledge of the time shapes that are actually

produced, Thc answer is obviously that all coflux equations and mo other equations

ere discoverable from the knowledge of the time shapes of the functions that fprm the
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actunl solution.

Indeed all other eqpationé will have coefficients with at least a one-dimensional
degree of arbitrariness, If an attempt were made to £it such an equation to the date,
the coefficients would be of the'%Q form when no errors (aberrations) were present,
and otherwise they would have a fictitious determinatenéas s their magnitudes being

determined solely by the errors, and not by the structure,

This is the nature of passive obserthlons, where the 1nvest1gator is restrlcted

to observing what happens when all equations in a large determlnate system are actually

fulfllled simultaneously. The very fuct that these equatlons are fulfllled prevents the

observer from being able to disaover them, unless they happen to be coflux equations,

that is, irreducible with respect to the functions that form the actual solution,

But why bother about these othér equations that are not discoverable through

passive observations?

The answer is that some of these other eqpations frequently heve a highér 6egrée
of "“utonomy” than the coflux eqpatlons, and are therefore very well worth anW1ng.
The “autonomy" of an equation is not, like the irreducibility o mthemtlcal property
of a ciosed system 1ike (2.2), but is built on some sort of knowledge outside fhis

system, I shall now proceed to a discussion of this point, ;

5. THE AUTONOMY OF A FUNCTIONAL EQUATION -

MNATURE OF "EXPIANATIONS" , EXPFRIMENTATION

AND REFORM:

Suppose that, from a ‘knowledge of the time shapes of the two functions xl(t)and
%5(t) I have determined a relation of the form

(5.1) x,(t) = ax; (t - ©) + bx,(t) + ox,(t =~ 8,)

What does this equation mean? It means that so long as xq and X, continue to move with

the seme time shapes as they have had vin the past T can compute the value of x4 at any’

point of time t from the knowledge of x,

at this seme point and x4 and X, at
certain earlicr moments as indicated in the formula, In other words the equation is
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simply o descripbion of the "routine of change" which x; and x2 follow, The equation
etermined in this empirical way does not stete that if o situation occurs where

1( -8, s %5(t) and xz(t-ez} heve some arbitrary velues, I cen ezpin computé %, (%) by
5,1} To assume that (51) should hold good for any values whatsoever inserted for the
~risbles on the right~hand side of the. equation Would indeed imply that I cionceived of
the possiﬁility of another structure than the one which orevailed when the ‘equation (5.1)
wes determined, Por instance, if the originé.l structure was f.aken as defined by two cquaw
gions of thc form (2.2), I could not conceive of o free veriation of the varintes on the
ight-hand side of (5.1) without giving up at least ane of the two structurnl equations
thet determine the course of x4 and Xy But that would mean giving up the very assumption

on which (5.1) wes determined,

This situation can also be interpreted in terms of irreducibility, If I conceive of

the possibility that the constants, a,b, and ¢ in (5.1) may have definite wvalues, I must

also conceive of the existence of some time shapes of x4 and Xo for which (5.1) becomes

an irrecducible equation, that is, has determinate cccfficients without any arbitrariness.:

nd the same applies to any other structural equation,

In a big system of structural equeations it would be quite exceptionnl if all the
equotions should be irreducible with respect to that perticular solution which turns out
| to be the fimnl one, We only have to think of a case where the initial conditions are
such that only one single component is laf't with on amplitude different from zero,
while meny of the structual equatiohs contain a L. oe number of terms. The fact thet T

reckon with such a system of equations, must mean that T conceive of the possibility

| that the structure may hove been different from what it actuaily is. thus giving a

Chance of producing o time shapes complicated enough to meke the big swumuectural equations

irreducible with respect to these time shapes,

But when we start speaking of the possibility of a structure different from what

it ectunlly is, we have introduced s fundamentelly new idea, The big question wili now

be,

in what directions should we conceive of o possibility of changing the structure.
xjPh‘El‘e is nothing in the mature of the equations thet describe the actual structure,
"ich can suggest en answer, It is true that if a system of equations is given, it~

fould be patural to imegine in turn all equations omitted except one, this remsining
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equation would then certainly be irreducible with respeét to the general class of func—
. . . ., Second . oy s

tions which now satisfy the equation (see¢ the' ~ example in Section 2), But this

solution is only epperent, because there exist an infinity of ways of writing the

gystem of structursl equations. (Compare for instance the transformation (2.12)

7o get o real answer we must introduce some fundementelly new information., We do
this by investigating what features of our structurc ere in fact the most autonomous in

the sense that they could be maintained unaltered while other features Aof the structure

were changed., This investigation must use not only empirical but also abstract methods,

S0 we are led to constrdcting a sort of super-structure, which helps us to pick out

those rerticular cquations in the min structure to which we can attribute & high degree
of autonomy in the above sense. The higher this degree of autonomy, the more fundemental
is the equation, the deeper is the insight which it gives us into the way in which the

system functions, in short, the nearer it comes to being a reel explamotion. Such

relations form the essence of “theory",

Once such = basic system of structural equations to which we cen attach the label
"autonomous" hes been selected, it is easy to derive others thet have o greater or lesger
degrée of sutonomy. Equations thot are obtained by long elimination processes, basecd
on geveral autonomous equations will have a low degrec of autonomy, they will in fact

depend on the preservation of a greet mony features of the total system,

The coflux relations that can be determined by observation of the actunl time shepes
m.y or mey not come near to resembling an autonomous relation, that depends on the
general constitution of the phenomenn studied, To give two extreme examples: the
demond function for a consumers commodity as depending on price and income end perhaps on
some secondary variables will, if the coefficients can be determined with any degrée
of accuracy, come faii‘ly near to being an autonomous relation, It will not be much
changed by o change in monetery policy, in the organisation of production etc. But the
time rclation between thg Hervard A, B, and C curves is a pure coflux relation, with

only a small degree of autonomy,

Such T believe is in essence the relation between the-equations of pure theory and

those thet can be determined by pessive observations,
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If the situstion is such that the coflux relations are far from giving information

sbout the autonomous structural relations, recourse must be had to experimentetion,

that is one must try to change the conditions so that one or more of the structural
equntions is modified, In economics the interview avthod is a substitute - sometimes

bad, sometimes . good =~ for experimentation,

If the results of the investigation are to be applied for economic political
purposes = for reforming the existing economic organisation‘ - it is obviously

the avbonomous structural relations we are interested in,

6. ABERRATIONS VERSUS STIMULI, CONFLUENCE ANMIVSIS

AND SHOCK+THECRY,

The existence of aberrations does not necessarily involve any important cénsequené
ces for the theofetical enalysis, it only concerns the statistical technique, but in
this respect it is important, The existence of stimuli entails much more far-reaching
consequences. The total time shape will now be more or less transformed, for instance
damped cycles will become undamped in the long run, but will have a disturbing effect
over shorter intervels. The timing between the cycles my be chenged from what it is 4n :
the stimulus-free system, and entirely new cycles, pure cumulation cycles will emerge,

These consequences cannot be discussed in detail here,

7. INTERPRETATION OF PROFESSOR TINBERGEN'S RESULTS.,

All the way through his work Tinbergen uses approximations by which the time
equations are reduced to linear forms, This is certainly admissible in a first approxi=-
mation but the consequences should be clearly recognised, If the linear approximetions
erc used for as mny equations as are reeded to mke the system determinate (which is
what Tinbergen sims at doing: "...we must continue this procedure until the numbef of

relations obtained equals the number of phenomena..." "Business Cycles...." p.7) -

only those features of ‘the timec ueries are taken account of that can be approximated to
by fitting to the data that type of solution which 2 linear system of cquations admits
of) namely a nunmber of trigonometris components (exponentials or damped, undamped or

antidomped sine functions or as exceptional cases such functions multiplied by polynomials)
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of the time series over the intervel considered, In ii;self there is nothing objectionae
ble in this but it means that the significance of the results must be interpreted in the
light of the various algebra‘ic facts of the preceding sections, These become rélevant

with the same approximtion as that involved in Tinbergen's calculations,

This being so it is clear that it is only coflux re]afcion;a thet are determined by
Tinbergen, and the lack of agrecment between these equations and those of pure theory
cennot be teken as a refutation of the latter, Any number of examples could b»e given
of s’catehonts that are in need of very much quelification on this ground, A case in
point is that discussecd on page 111 in "Business Cycles" or perhaps cven better the at-
tempt on pege 26 to get an equation for consumers outlay, The only result of‘ the various
attempts made here is to shift from one tob enother amongst an infinite number of coflux
éq_uations. By & suiteble choice of the veriate and lege~numbers introduced one can
produce practically any coefficicnts one likes. 4 compatation from series mede upfor P
of & small number of trigonometric compoﬂents shows this immediately, The reasons for
discerding some of the equétions (p26) ere quite unsatisfactory, No other reasons seem
to be given than the fact that the coefficients do not work out as the author likes,

In my opinion all these equations are acceptable when interpreted os what they really

are: o number of coflux equations, But none of them can, I believe, be taken as an

expression of the autonomous structural equation thet will characterize demand,

e

In concluding this memorandum, I want to stress again whet I mentioned in the.
introduction, riam,ely, the importance of the results obtained by Tinbergen., They will
have to be taken as starting point for eny further investigetion siming at obtaining
‘limits or other sorts of informetion eoncermingthe structural coefficients,

17.7.38.
(signed) RAGNAR FRISCH.
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2. League of Mations, Mr, Tinbergen's reply to Professor Frisch's note on

ngtetisticel Versus Theoretical Relations in Economic Mecrodynamics®

pmme———

1. Summary of Professor Frisch's note,

In sections 1 and 2 of his note Prof, Frisch gives some definitions concer—
ning the logical structuré of business cycle theories which are so clear that they
need no further corﬁment. As regerds what follows, ‘I should like to draw speciol atten=
tion to the imporﬁant distinction he makes between two sorts of disturbances, wiz,
eberrations and stimuli, As regerds the former it is suppoéed that they do not exert any
'm“——- e st~ e bt .
influence .on the further course of events, whereas the lotter are assumed to have an ine

fluence,

Sections 3 and 4 introduce the notions of reducible and irreducible equations,

(with respect to o set of functions) and coflux and superflux relations, This could be

most casily represented to the non-mathematicel reader of my two reports as o consequence
of multicollineserity, It has been remarked in these reports that the determinstion of
regression coefficients becomes impossible if some of the “explanatory" varisbles are
linearly conneeted: (the_simplest cese being proportionnlity between two of these vari=
ables). Frisch's remarks could be interpreted by saying that there is = systemetic
tendency to such linear connections as soon as business cycle reseorch is centered upon,
These linesr connections are thc consequence of the other equations of the system,

Putting in a familiar but oversimplified form, one could sey that "all business cycle
turves arc more or less siﬁes or waves, and thot therefore the danger of multicallinearity;;

is permenently present."

Frisch first defines "reducibilityof 28quation with respect to & sct of functions"

irrespective of the business cycle mechanism, and only introduces the latter when speaking

of coflux and superflux relations, An equation |
p=ax+by+cz (1)

& reducible with respect to o certain set of (time) functions P, X,¥, and z, if there is

8 further linear relation between o, x, y anmd z, say

AX+ By + Cz =0 ' (2)

;fby which it is possible to replace (1)} by an infinite number of other relations, ©.g.,
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p=(a-3) x+(b=3B) y+ (c~-3C) s (3)

In these formulae it may e.g. also happen that y is nothing but a lagged value of
X, S8y ¥ = X.1. Frisch's definition is more precise in some respects but for our argu-

ment this is not so important.

On the other hand, (1) is said to be irreducible with respect to p,x,y and z if a
relation of the type (2) (possibly including p) does not exist, Then (1) cannot be

replaced by another equation which is independent of (1),as is (3) x

Irreducible equations with respect to such functions p,x,y,z which form the solu~
tion of the whole system of business cycle equations are called soflux relations,
Reducible ones are called superflux relétions, In this case (i.e, when we are speaking
of the solutions of the whole system of equations) there are as many equations as there
are variables, but they may of course show lags which are different from those occurring

in (1).

About the functions now under consideration, Frisch remarks that they form, "of
COUrs€,...., a much more special class of functions than that which satisfies each
equation taken separately, and the reducibility of the equations (is) correspondingly

higher."

Prof. Frisch dbserves further that only irreducible (i.e. coflux) relations can be

determined fairly exactly, since the reducible ones are, from the regression a'mlysis

viewpoint, indeterminate,

In section 5 the notion of _a_utonogx of & relation is brought iny it is,as far as I
: can see, the same as what I mean by direct relations {n contradiction to iindirect |
relatiens which are obtained by one or more elimination steps), This notion is |
essentially an economic cne, In order to "explain", or to study the consequences of
policy, one has to know these autonomous relations, Of these relations Frisch already
says on page 28 (sestion 4): autonomous relations are often superflux relations

(i.e¢. reducible ones witﬁ respect to the solutions of the ssyss‘cem).ms As extreme

®an example of a dependent equation would be Lkp = 4 ax + L by + 4 oz,

- XX
de says it in the form: "....frequently, some of the other equations (i.e., the redu=
cible ones) have a higher degree of autonomy,"
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exemples of autonomous and non-autonomous relations Prof, Frisch gives the following
two cases: ‘the demand function for a consumers' commodity as depending on price and income
and perhaps on some secondary variables will, if the coefficients can be determined
with any degree of acouracy, come fairly near to being an autonomous relation. It
will not be much changed by a change in monetary policy, in the organisation of pro-
duction, etc., But the time relation between the Harward A, B and C curves is a

pure coflux relation, with only a small degree of autonomy,

After some short remarks, in section 6, on aberrations versus stimulj,Prof,
Frisch gives his conclusions about the League work in section 7. The‘ following
sentences may especially be reproduced:

"A11 the way through his work Tinbergen uses..‘.. linear fOrms....,
This being so it is clear that it is only coflux relations that are deter-
mined,. ..., and the lack of agreement between these equations and those

of pure theory cannot be taken as a refutation of the latter.

A case in point (viz. where veJ:“y much qualifioa‘cion is needed J. T.)
iS..... the attempt on p. 26, Business Cycles, U.S.A;, to get an equation
for consumers! outlay, The only result of the various attempts made here
is to shift from one to another amongst an infinite number of coflux
equations, By a suitable choice of the variates and lag numbers introdus,
ced, one can produce practically any coefficient one likes.,... The
reasons for discarding some of the equations (p.26)' are quite_unsatis— ,
factory, no other reasons seem to be given than the fact that the

).cde.fficients do not work out as the author l-ikés.

In my opinion all these equations are acceptable when interpreted as what

they really are: a number of coflux equations, - But none of them can,. I
believe, be taken as an expression of the autonomous structure equation

that will characterise demand."

- II. Questions to Professor Frisch,

(a) Must not the degree of autonomy of a relation be determined by economic considerations?
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1 made this the basis of my work by starting always from a relation the variables
.of whish were based upon a_priori economic considerations, I consider this as a
guarantee that if any result at all is obtained this is an autonomous relation

(or a direct one, as 1 would call it). Would you advise a different method?
(b) Why is it probeble that autonomous relations are often reducible?

(¢) Is not the procedure used in establishing the equation for consumers' outlay
very much the i me as that used for establishing demend functions for single coﬁmo—
dities?

(d) Which equations in the system would you é.ccept a.s autonomous ones and

which not?

III. Reasons why I feel surer about our relation than Prof, Frisch does.

(a) As has already been expressed to some extent in question IT (a) above, I
think that most, if not all, of my relations are autonbmous , or almost so, because %
startcd each section with a Eiori economic considerations. Professor Frisch does not
sey on what grounds a relation like (1) above'should be obtained, but in my epinion it

mekes all the difference whether a pricri economic reasoning or, rather superficial

observation "without theoretical prejudice" as in the Harward barometer case, is used.
(b) 1In addition I am less afraid than Prof. Frisch of the consequences of the
other linear relations, like (2) above, since:

(1) many contain extraneous variables equivalent to stimuli¢like Au, Ip, f,h),

(2) some very important relations are non-lineer, viz. the n - equation (3.7)
and, in principle at least, also the g - equation (3.5) and ap - relation (3.6),

where variable o stands for non-linear expression in other variables-.*

(3) the freedom in the choice of lags and coefficients Prof, Frisch spesks of is

considerably reduced once scouomic vmeasoning is accepted as a basis. Negative lags and

‘-‘As s consequence of points (1) and (2), interest rates and banking varisbles are all
rather clecarly "deformed” by Lu, prices by o, profit income and production figures

by stock exchange movements. This mekes a 'discrimination between influences of these
three groups easier then it would be in theory, since ‘the movements of Au, 0, and n are
very different,




-2 -

lags of more than some definite period, or coefficients of one sign are often prohibited.

Téking’ﬂle\ example chosen by Prof, Frisch, vigz,, the determination of consumers!'
outlay, I think a correct impression of what is needed is not given when Prof, Frisch
says: "1o other reaéons (for discarding some of the equations) seem to be given than the
fact that the coefficients do not become what the author would like to see".,What in fact
the author likes is to get economically significant relations;, and therefore he rqui.re_d

that:

(i) the marginal propensity of workers should be larger then the one for non-

workers,
(ii) the influence of Pareto's coefficient ¢  if any, should be positive,
(iii) the influence of last year's income, if any, should be positive.

All this seems to me sound discrimination., The doubt which remsins is recognised
(viz. that the marginal propensity to consume for workers mey be anything between zero
and 0,10} and (this Prof., Frisch did not know) the influence of this uncertainty on the

final equation is calculated and will be shown.

(¢) Finally I introduced a number of a_priori coefficients in cases where that
seemed possible (e.g. the price equetions (3.5) and (3.6), and the proportion between the -

first two coefficients in equation (3.7)).

(d) It mey be added thet a lack of sgreement between our equetions and "those of

pure theory" is not alleged, merely a lack of agreement with those of some theories,

IV, Proposals for changes in the text.

Since Professor Frisch's note contains very valuable and impartant remarks of a
systematic mture.it seems worth while embodying lorge perts of it in the (enlarged)
introduction, Apart from my own terminology Profeséor Prisch's shouid be mentioned,

The wag sons why I am less afraid of the dangers Prof, Frisch Vmentic;ns than he is/.should
be stateci; where uncertainties exist, their influence’ will be estimated (this has, in

fact, alr‘eady been done since the reports were printed; and the results were shown at
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the Cambridge meeting}.

{Sigmed) J. Tinbergen,

34 "The Probawility Approabh in Beonometries" by Trygve Haavelmo,

Ccowles Cormission Papars, New Series, No, 4, 1944, Seetion 8 of Chapter II.

The Autonomy of an Economic Relation.

Every research worker in the field of economics has, probably, had the following
experience, When we try to apbly relations established by economic theofy to actually
observed series for the variahles involved, we frequently find that the theoretieal relam
tions are ™unnecessarily complicated"; we can do well with fewer variables that assumed
s priori, But we also know that, when we try to make predictions by such simplified rela-

tions for a new set of data, the relations often break down, i,e,, there appears to be a

break in the strueture of the data. For the pew set of date we might also find a simple
relation, but a different one; Even if no sueh breaks appear, we are puzzled by this
unexpected simplicity, because, from our theoretical considerations we have the feeling
that economic life is capable of producing variations of a mueh more general type,
'Sometimet, of coursé, this situation may be explained directly by the fact that we have
included in our theory factors which have no pofential influence upon the variables to
‘be explained, But more frequently, I think, the puzzle is a result of confusing two

different kinds of variations of economic variables, namely hypothetical, free

variations, and variations which are restricted by a system of simultaneous relations,

We see this difference best by considering the rational operations by whieh a
theoretical system of relations is eonstructed. Suech systems represent attempts to
reconstruct, in a simplified way, the mechanisms which we think lie behind the
phenomena we observe in the real world, In trying to rebuild these mechanisms we cone-
sider one relationship at a time,

1 1
Suppose, ©.8., We are considering E_theoretical variables xl ’ xz s ees xn', to

be compared with m observational variables X5 xz, eee 3 xh, respectively, We impose
eertain relations between the n theoretieal variables, of such a type that we think the

theoretical variables, so restricted, will show some correspondence with the observed

variables,
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Lot us consider one such perticwlar relation, sey x;l' = (X' 5000, xn').
In cohstructing such a relation, we¢ reason in the following‘way: “If x2' be such and such,
xj' such and such, eto., then this implies a certain velue .of X', ‘In- this process we do
not question whether these *ifs" cen actually occur or not, When we :.mpose more relauons
upon ‘the varlablt,s, a gre'xt . ny of these wifs" Whlch were poss1ble for the relation
x1’ f seoaretely, n'ay be 1mposs:Lble » because they violate the other relations., After
having imposed 2 whole system of relatlons ’ there mey not 'be very much left of all the
hypothetical variation with Whlch we st?rted out ’ At thc, same time, if we have mode a
lucky choice of theoretical relations, it my be that the poss:.ble variations that are left |
over agree well with those of the observed variobles,

But why do we start out with much more general veriations than those we fihally need?
For examplé, suppose that the Walrasian system of general-equilibrium relations were a
true picture of reality, what would be gained by operating with this general system, as
compered with the simple statement that each of the quentities involved is equal to a
constan‘b?v The ge]_n 1s rthvis:, In setting up the d.ifferenﬁ general relations we conceive of a

wider set of possibilities that might carrespond to reality, were it ruled by one of the

relations only. The sim\ﬂtaneous system of relations gives us an explanation of the fact
that, out of’ this enormous set ‘of possibilities, only one very particulsr one zctuclly
emerges, ’But once this is established, cou}ld we not then farget sbout the whole process,
and keep to the much :simpler picture that is the actual one? Here is .where the problem of
autonomy of an economic mlation comes in., The meaning of this notion, and &ts importance,
can, I think, be rather well 'illustrated 'by the following mechanical anclogy: |

If we should meke a series of speed tests with an automobile, driving on a flat, dry
road, we might be able to establish a very accurate functionnl relationship between the
pressure on the gos throttle (or the distanée of the ges pedal from the bottom of the car)
and the, corresponding maximum speed of the car. And the knowledge of this relationship
night be sufficient to operate the car at a prescribed speed, Buﬁ if o men did not know
anything about automobiles, and he wanted to understond how they work, we showldnot sdvise
him to spend time e,nd'effort in measuring o rclaotionship like that, Why? Because (1)
Suwch a relation leaves the whole inner mechanism of a car in complete mystery, and (2)
 8wh 2 relation might break down at any time, as soon as there is some disorder or changc

in any working part of thc car, (Comparc this, c.g., with the well=known lag-relations
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petween the Herverd A—B—G—-curvés.) We sey that —such & relation has very little autonowy ™
pecause its existence depends upon the simultaneous fulfilment of a great many other
relations, some of which are of & transitory noturew On the other hand, the general. laws
of thermodynamics, the ‘dymmics \of friction, etc., etc., are highly autonomous relations
with respect to the automobile. mechanism, because these rélations'describe thé function~

ing of some parts of the mechanism irrespective of whzt happens in some other parts,

th us turn from this anc_logy to the mechanisms of economic life, Economié theory
puilds on the assumption that 1nd:.v1duuls' decisions to produce and to consume can be
described by certain fundamental behavioristic relations, end thet, besides, there are
certnin technical and institutional restriotions upon the ﬁeedom of choice (subh as
téchnical production functions, legel restrictions, etec.).

A particular system of such relationships defines one perticular theoretical struc-
ture of the economy, thaet is to sey, it de-fines a theoretiéal 8set of possible Vsimultaneous

sets of value or sets of time series for the economic variables, It might be necessary

- ond that is the task'of economic \thecry -~ %o consider warious alternatives to such
systems of relatlonshlps, that is, wvarious elternative S‘l‘:r_}.lgg}‘zfgithat might, -pproxixﬁate—
ly, correspond to economic reality at any time, Por the "real structure" might, and |
usually does; change 1n vé.rious respects,

To make this idea more precise, supposc that it be possible to define a class, Q,

of structures, such that one member or another of this class would, approximately, de-

scribe economic reality in any practically conceivable situation. And suppose ’clmt»we
define some non~negative measurc of the "size" (or of the "importance" ar "credibility")

of any subclass, ® in(), including () itself, sﬁch that, if a subclass contains complete~
ly snother subclass, the measure of tﬁe former is greater than, or at least equal to,

thet of the latter, and such ‘that the measure of () is posiﬁve. Now consider a particuler

subclass (of (3 ), conteining all those - and only those = structures that satisfy a

Rrticular relation "A"., Let ®, be this particular subclass. (E.g.,(x)A might be the
Sbclass of all those structures that satisfy a particuler demand function “A"),

e then say that the relation "A" is autonomous With respect to the subclass of structures

A' And we sc,y that "A"™ has a de&gee of autonomy which is thegl‘eater the larger be the

Thls term, tovc*&hcr with many ideas to the aneslysis in the present sectlon, I have taken
Tom ¢ mimeographea peper by Ragnar Frisch: "Statistical versus Theoretical Relations in
««%nomm Me cro—D3mamlcs (Mimeographed memorandum prepared for the Business Cycle Conferen-
e ot Cembridge, Bngland, July 18-20, 1938, to discuss J. Tinbergen's publication of

38 for the League of Nations.)
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ngize" of as compared with that of ),

A

Thé principal task of economic theory is to establish such relations as migh‘b be
expected to possess a8 high a degree of’autonomy as ‘possible. |

Any relation thet is derived By combinirig twd or more relations within a ‘sys‘cﬁn,

we call a confluent relation, ' Such a confluent relation has, of course, usually a
lower degree of sutohomy (and nevér g ﬁigﬁer one) than each of the relations from which
it was derived, and 211 the more so %hegma.ter ‘Ehe number of differenﬁ relations upon
which it depends., From a system of relations » with & certain degree of au’condmy, we
ey derive an infinity of systems of cohfluent relations, ~ Haw can we actually distinguish
between ‘t:hé "original® ‘system and a derived system of confluent reléxtions? That is not

a problem of mathematicel independence or the like, more generally, it is not o pro-

blem of pure logic, but a problem of actually knowing something about feo.l phenomena ,

and of making -realistic assumptions about them., In trying to establish r'elations,

with high degree of autonomy we teke into consideration various changes in the economic
structure which might upset our relations, we try to dig down to such relationships as
actually might be expected to have a great degree of inveariance with respect to certain
changes instructure thet are "ressonable',

It is obvious that the autonomy of a relation is a highly relative concept, in the
sense that any system of hypothetical reiations between real phenomernsa might itsélf be
dedueible from another, still n;ore basic system, i.e,, a system with still higher degfee
of autonomy with respect %o 'str-uctural changes,

The construction of systems of autonomous relations is, therefore ) 2 ma tter 6f
intuition and factunl knowledge, it is an: sl -'

What is the connection between the degree of cutonomy of a relation and its

_Observe.ble degree of constahcy or persistence?

If we should teke constancy or persistence to mean simply invarisnce with respect
to certain hypothetical changes in structure, then the degree of constancy and the degree

of au‘conon\y. would simply be two different names for the seme property of an economic

relation, But if we consider the constency of a relation as a moperty of the behavior

of actual observations,then there is clearly a difference between the two properties,

because then the degree of autonomy refers to a ¢lres cf hypothetical variations in

Structure, for which the relation would be inveriant > While its actual pérsistence
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gepcnds upon whet veristions actually occur. On the other hand, if we always try to form

such relations as are sutonomous with respect to those changes that are in fact most

1ikely to occur, =nd if we succeed in doing so, then, of course, there] will be a very
= : .

close éonnection between actunl persistence and theoretical degree of autonomy. To

pring out these ideas a little more clearly ’we sha.ll consider a» purely farmel set—up.
Suppose we have an economic system, the mechenism of which might be characterized

by the var:i;.ations of n measurable qmntitieg Eys Xpreses Xpo Suppdse that the structure

of this mechanism could be described by a syétem of m#n equations,

(8.1) B N CHE N x) =0 (i=1)2,000, mu

(n = m) of the varicbles - let them be X1’ Xneo? ...,“J’:n’- are assumed to be -given

from outside, From the system (8.1) it might, e.g., be possible to express each of the

first m varisbles uniquely in terms of the n - m remaining ones. ILet such a solution be

X

il

wy (xm1; xmzs.;o; xn),

X2 U.z(xm_'_.‘, Xm+2,..., Xn),
(8.2) ' @ & T ¥ 83 5 & % & 3 v 9

xm = U.m(xm1, Xm+2' Prevy Xn),

Th‘?, system (8,2) would describe the coveriations of the variables just es well as
wpuld the originnl system (8.1) But suppose now that there should be = change in
structure of the following type: One of the‘functions f, in (8.1), say f1, is replaced
by another function, sey f,', while all the other relations in ‘(8.1) remnin unchanged,

In general, this would change the whole system (8.2), and if we did not chenge the system
(8.2) (c.g., beceuse we did not know the originel system (8.1)), some or all of is
relations would show lack of constency with respect to the observations thet would result
from the npew structure, On the other hend, the last m - 1 equations in (8.1) would -

by def’ini‘ticsn - still hold 5ood , unaffected by the s‘crt;lctuml cﬁange. It might be that,
a8 a matter of fact, one or two perticular equations in (8.1) would bresk down very

\ifleﬂ, while the otheré remeined w.1id, Then any systom (8.2) corresponding to o fixed

System (8.1‘) would show little persistence with respect to the'actual observations,

In this 'scheme the warisbles X, 1 0 xg*z,;.., Xy Were, in‘po.ir‘xt of prmc‘iple » free:
they might move in any srxbitrary wey., This includes e21so the possibility that, e.g.,

~ 2l1 these free variebles might move asi certain well-defined funétions of time, e 8.,
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(8.3) xm+1= gl(t) ’
oo gz(t)’
i

As long &8s this should hold, we might be eble to express the veriables Xys Xgaeeos Ko

a8 functions of X in many different weys, Por example, it might-be

+17 Tmez’e %0
possible to express x, 8s a function of x, sy
(84) %= F(x ).
But could this relation be used to judge the effect upon % of various srbitrary changes
in x ? Obviously not, because j:he very existence of (8.4) rests upon the assumption that
(8.3) holds. The relation (8.4) might be highly unstable for such arbitrary changes, and
the eventual persistence observed for (8.4) in the past when (8.3) held good, would not
mean anything in this new situation, In the mext situation the original system (8.1)
or even system (8.2) would still be good, if we knew it. But to find such a basic system
of highly autonomous relations in an actual case is not an analytical process, it is a
task of meking fruitful hypotheses as to how reality aétually is,

We shall illustrate these points by two examples.

Pirst we shall consider a scheme which, I think, has some bearing upon the problem of
dériving demand curves from time series.

Iet x be the rate‘ of per capite consumption of a commodity in a group of people
who all have equal money income, R, Let p be the price of the commodity, end let P be an

index of cost of living, Assume that the following demend function is actually true:

(8.5) .x=a%+b§+c+e,

where a,b,c, are certain constants, and € is 2 random varisble with "rather smll"

wrisnce, end such that the expected velues of x are

(8.6) E(X@, g-): a% + bg- + C.

Assume that (8.5) is autonomous in the following sense: For any erbitrery values of
p/P and R/P, the carresponding value of X can be estimted by (8.6). Suppose we are inter-
ested only in veriations that are small relative tm certein constant levels of the

verisoles,
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fhen WG TRy approximate (8.5) by a lineer relation in the following way: Let Pys Ro

ond Po be the average velues of p, R, and P respectively., Then we have

p.+ (p-1,) R+ (R~R_)
X:,g--PO. Q+h Po+(P"PO) +c+E
o+(P.-Po-)A o o ~
_ Rt (p =1y} 1
D * P -P
[o] 1 + o
P
0
R+ (R~R_} - 1
+b i . + ¢+ &
o) P~P
l+-——§-—o
o]
p.+ (p-p,) P~P
o o . (o]
[8.5') =ea % 1 - —5—)
o] Ov »
R+ (R - R) P-P
+Db T (1~ 7 ) + ¢+ €
[o] o}
_a p.._ap°1>+ap°; a(p =~ 2} (P - B,)
P,° p2 B p
o o
+§-—R'—-:0§3-P+;1§—°-—~(R ROHE P°)+c+e:.
o Po o Po

If the devistions (p = py), (P =P ), and (R - R,) ere smll compared with po, '"o’

end Ry, we may neglect producf terms of these deviations, Then we obtain

(8.7) X =Ap+ BR+ CP+ D+ &
ap p" ap ap PR
vhere A= 15---,B=§—,c-*--(-——‘3+—.-§ D= °+P°+F°+°’
Po Po o o} 0

and where €' is & new residual term now also conteining the errors mede by the above
approximtion. For small varie.i;ions of the variables , & may not be practically distinguish-
able from €. ,

Whet we shall now show is thot, if the dsto for p,P, ~nd R, to b used for deriving
the demend function have, for some »ois-5 A v.-o’ahcr s hcppehed to fnove as oertsin regular
-Unctlons of *iro, uuce my in these date ox:.st enother relation wh:x.ch has exo.ctly the same

f_g_r_rx_x_ as (8.7), but different coefficients, and which mey fit the date still better then

s
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(8.7) would do in general. ind if we mistoke this other relation for (8.7), we et i

nerely a confluent relationship, and not an approximation to the demand function (8.5),

To see this let us write (3.5, as

(3,5!!)‘ xr(t) =a %%-‘,3-4- b‘%((%r+ c +fer(t).-

sssume now that the time fimetions p(t), P(t), and R(t) - for some reason - happen to be

guch that they satisfy the functional relations

(8.9) g-%-?r = ml'R(t) + mzP(.t) +m,

where the k's and the m's are certain constants. A wide elass of elementary time functions
setisfy such functional equations, /Lind whenever this is the case for the actual observa=
tions of p,P, and R, an equation of the form (8.7} could be fitted to the data, But we
could not use the équation thus obtained for predicting the effect of an arbitrary price
change, or an arbitrary income change, because this equation is not in general an appro-=
ximation to (8.5) but merely a confluent result of (8.5), (8.8), and (8.9). It, therefore,
does not hold, e.g., for price changes which violate (8.8), (8.9}, or both,

In general, we have to be very careful in using a particular set of date to modify the
form of relationships which we have arrived at on strong thecretical grounds, For example,
in the case above we might be led to co'nclude that (8.7) might be a more correct “Form'
of the demand function than (8.5), or at least as good, while actually, when (8.8) 2nd
(8.9) are fulfilled, we may obtain a relationship of the form (8.7), which is nat a demand
function at all, and which breaks down as soon as p(t), P(t), and R(t) take on seme

other tire shape;

As an illustration to the question of autonomy of an economic relation with respect

to a change in economic policy, let us consider the economic model underlying the famous
Wicksellian theory of interest rates and commodity prices. (Far the sake of simplicity

and shortness we shall, however, make somewhat more restrictive assumptions than

Wicksell himself did, Our modecl does not do full justice to Wicksell's profound ideas.)
Gonsider a society where there are only three different economic groups: (2) indi-

viduals, (b) private firms, snd (c) banks., We assume that: (1) A1l individuals
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divide their income into two perts, one part consisting of spending+incredse in cash-
nolding, the other part beihg saved, and all savings go into banks as (tims)deposits.
there is no other ssving in the society. (2) 411 production in the society takes place
in firms. The firms are impers-onal organizations, guided in their production policy by
profit expectations only. They cen make new investments by wmeans of bank lcans only,
They distribute all their profit »to individuals, (3} Prices of goods and services of all
kinds vary proportioné.lly through time, and mey be represented by a common variable,
celled the price level, (4) The banks have the power of expanding or contracting credit.
We assume that‘there is only one money rate of interest, which is the seme for all banks
and‘_ the same for loans as for deposits, (This gives & rough description of the model
we are going to discuss, It is hardly p;ssible to give an exhsustive description of a
model in words, The precise description is given implicitly thro@gh the relations
imposed in the model).

We are principally interested in the price effect of certain changes in the credit
policy of the banks.

Let us introduce the following notations:

(1) s(t)=total saving per unit of time,

(2) 1(t)=total investment per unit of tine,

(3) o(%)=benk rate of interest at point of time t,
(4) P(t)=price level at point of time t, ’

(5) R(t)=total mational income per unit of time,

Now we shall introduce a system of fundamental relations describing thé mechanism
of our model, We consider linesr relations, for simplicity.

First, we assume thet there exists a mrket supply function for savings of the
following faorm,
(8.10) S S(t) = a+ a.lp(t) + azP(t) +' & 1."(1:) + a4R(t).
This equation seys that the supply of savings(bank deposits) -~ apart from a constant

- depends upon the mte of interest, the total income, the price level, and the expecto-

 tions regarding *us future renl wvalue of money saved, as represented by the rate of change

in the price level P(t). It might be realistic to assume that ajond a), are positive,

an and a, negntive,

5
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Next, we assume the following demand function for bank logns:
(8.11) I(t) = b+ byp(t) + B P(t) + b31'>(t),
where b1is negative and 'b3 positive, while the sign of by, my be uncertain, a priori.
b5 would be positive because, when the price level is increasing, the firms expect to
puy factors of production in a less expensive market than that in which they later sell
the finished wroducts, and this profit element is an inducement to invest,
Now, if the banks should lend to firms an amount equal to deposits, neither more
nor less, i,e,; if
(8.12) (t) = S(t),
then it follows from (8.10), (8.11), and (8.12), thet to each value of R(t), P(t), and
f’(t) s bhere WO_uld correspond & certein market equilibrium rate of interest, o(t) called
by Wicksell the normal rate. That is, we sheuld heve

_ bo- a, N bz- &y bg" 8y a

_ . .
t - Ottt —
(8.13) p(t) a- b; M &~ b P(t) + e P(t) N R{t)

LU

A+ AP(t) + Azé(t) + AR(t),

where Pp(t) is a wvalue of p(t) satisfying (8,10), (811), end (8.12), end where the A's
are abbreviated notations for the coefficients in the middle term,

If the banks went, actively, to expand or contract currency (that is, if they —_—
to ch: nge thé.t,amount of money outside the banks), they have to fix a rate of interest
p(f) which differs fromP(t) as defined by (8.13) . (i\Iote thet p(t)is by no means a

constant over time,) From (8,10) and (8,11) we get

(5.5 I(t) - §(t) = (b~ & ) + (b= a))p{t)+ (b= 2, )P(4) + (b= &,)P(t) - aR(%),

which, for p(t) = plt) reduces to

(8.15) 0= (b= &y) + (by= & B(t) + (by= 8, IP(t) + (by= s )B(t) - aR(t)

Swtrecting (8.15) from (8.14) we obtain
(8.16)  I(t) -=s(t) = (b~ a) [p(t) - B(t]]

‘which tells us thet the emount of "money inflation," I(t) - S(%), is (negatively) pro-

Portionsl to the difference between the actual benk rete of interest end the normnl rate as

defined by (8.13).
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Assuming the "inflation"simam I(t) - S(t) (teken as a barometer for total spending)
to be accompanied by a proporfibnal raise in the price level, we have
(8.17) P(t) = k[I(t) - s(t]] | (k a positive constent).
sorbining (8.16) and (8.17) we obtain '

(8.18)  P(t) = k(b= & )[p{t) - B(t],
which is a simplified expression for Wicksellt's fundamental theorem about the price effect
of & bank rate of interest that differs from the normal rate,

Accepting this theoﬁ (we are not interested in analyzing its actual validity any
further in this connection, as we use it merely for illustration), what would be the degree
| of sutonomy of the three equations (8.16), (8,17), and (8.18)?

Let us first consider the equation (8,16). Its validity in our set=-up rests upon
the two fundamental relutions (8,10) and (8.11}‘.' In setting up these two equations we
did not impo‘se any restrictions upon the time shepe of the functions p(t),P(t),and
R(t). Therefore, 'bfy hy@othesis, whatever be the time shape of these functions, the corre-
sponding ti::u shapés:of‘ I(t) and S(t) - and, fherefore, also the time shape of I(t)

- S(t) - follow from (8.10) and (8.11). ((8.16) is merely another way of calculating
the difference I(t) ~ S({’, From (8.13) it follows that to each pair of time functions
P(t) ( provided its derivative P(t) exists) and R(t) there corresponds s time function
5(t), while to each given time function p(t) there corresponds, in general, an infinity
of time functions P(t) and R(t). The equation (8.16) is, therefore - by assumption -
autonomous in the following sense: For any arbitrarily chosen time functions for p{t)
and P (t)- the credit inflation I(t) - S(t) can be calculated from (8.16),

| We should motioe that this property of (8.16) - if true - is not a mathemeticel
property of the equatibn: it cannot be found by looking at the equation. It rests upon
a hypothesis as to how the difference I(t) - S(t)imfact would behave for various erbi-
trary changes in thé in“ceresf rate and the normel rate, In another model we might obtain
an equation of exactly the same‘form, but without the same property of autonomy, ¥For ex~
ample, assume that - as a conscqguence of somé_ xodel, whatever ’be the particular economic
~ reasoning underlying it - all the time functions above were bound to follow certain linear
trends. In particular, supposc thet we hed I(t) - S(t) = mt, p(t) -p(t) =nt. Ve
Sshould then have |
(6.19) I(t) - s(t) = = [p(t) ~ (]
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which is of the form (8.16). But from (8.l§) we could not caloulate the effect upon
(t) - S(t) of say, various types of interc.st policy, because any changes in p(t) that
would violate the condition p(t) = B(t) = nt would break up the very foundation
upon which (8.19) rests, The equation (8.19) might still hold after such a break,

but that would have to follow from another model,

Thc.eqpation (8.17) represénts, per se, also an autonomous relation with respect
to certain changes in strecture, It is an independent hypothesis about fhe price level
saying that, whatever be the credit inflation I(t) - 8(t) , we may calculate the corre-
sponding rate of change in the priceylevel. Here too, we-cannot‘gggg how far this pro-
@erty of autonomy couid in foct be true, It is an sssumption, and it is o task of
economic theory and research to Justify it. |

Let. it ®e established the.t (8.16) and (8.17) are, in fect, highly autonomous relations,
What is the situation with respect to the equation (8.18)? Obviously (8.18) would have a
smaller degree of autonomy than either (8,16) ar (8.17) separately, because the class
of time functions satisfying (8.18) is = by definition - only the class of functions that
setisfy (8.16) =nd (8.17) Jjointly. |

30 far we have not assumed any definite relations describing the credit policy of the
banks. We have merely described the behavior of individuals and firms in response to a
given bank rete of interest. Sterting from certein assumptions =s to the willingness to
seve and to invest, and assuming that an inflow of extra credit into the market causes a
proportional chenge in the price level, we have obtained two structural relations |
(8,16) and (8.17). The varisble p(t)was considercd as o free perameter, It might be,
however, that the banks, over & certain period of time at least, choose to follow a
certzin pattern in their interest policy, or thet they have to do so in order to secure
their own liquidity, Over this peried ycf‘ time it might then be that we could 2dd a new
relation to the ones above, namely a relation describing - temporarily - the‘ benking
éolicy. Assume for instance,>fhat the banks, over o certain period of time, act as
follows: Whenever they realize that I(t) - S(t) has become positive they start relsing

the interest rote, in order to protect their liquidity, and, conversely, they lower the

rate of interest when they realize a negetive I(t) = S(t), Such o policy might be

described by the relation

.

(8.20)  B(t) = o[Ttt) - s(t]],



- 57 -
where o is a positive constant. Because of (8.16) we have
(8.21)  B() = e(by- ey ) [plt) - p(t]]

And combining (8.18)‘énﬁ (8.2i) we have
. K-
(8.22) P(t) = Ep(t)

which - qpparently seys thet the pr:.ce level moves in the some dlrectlon as theb interest
rete. But could we use ﬁus relﬁtlon to calculate the “Would-be" effect upon the price
level of some “_rbl‘crary interest pol:.cy? Cbviously note becausc (g 22) holds only when
R(t), I(t), S(t), P(t), p(t),and B(t) ere suoh time f‘unct:.ons as satisfy, simultaneous-
1y, (8.13), (8.16), (8. 17), and (8, 20) Therefore, (8.22) is of no use for judging the
effect of chaxgc in 1nterest pollc_/. To obtain an equation for this purpose we might
combine (8 13) and (8, 18), which give a relation éf the form

(8.23) P(t) + BP(t) = Hjp(t) + HR(t) + H, i

where B, Hy ,I}a%;ld Hy are constants depending upon those in (8.13) and (8.18). Here fherc
axre = by hypc;thesis = no restrictions upon the time shape of the functions p(tj and R(t).
We mey chéosc: such fxﬁqctions érbitrarily and sqlve the equation (8.23) to obtain P(t)

as an expllclt fu.nctlon of p(t) and R(t) '

But how could we know that (8.23) is the equation to use, and not (8. 22)? There is
no form:1l method by which to establish such = conclusion.‘ In fact; by starting from sne
other model with aiffefent assmnp‘bions, wé might reach the opposite conclusion. To resch
a decision we heve to know or to 1mag1ne ~ on the bb sis of genercl experlence - which

of the two relations (8.22) or (8 23) Would in fﬂct bc the most stable one if either of

them were used 2.8 an qu‘t:onomous relatlon,

To summarize ‘this discussion on the éi‘oblem of autonomous relotions: In scientific
reseafch ~ in the field of ecoﬁomics as well as in other fields - our search for "ex-
plaretions" consists of digging down 0 more ftindamental reletions than those that appear
before us when we merely ';.eﬁs.;ld and '150’2;“. Each of fhese fmn.éamental ‘re::lation_s we con-
ceive 6f’ as invariaht vﬁﬁx respeét to av much wider class of varintions than those
partiéular ones the.t e..re disolayed before us in the natural course of events, Now, if

the regl phenomem we observe doy by dey arc really ruled by the simulteneous action of e
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whole system of fundamental laws, we see only very little of the whole class of hy?othe-
ticel veristions for which each of the fundemental relations might be assumed to hold,
(This fect also raises verﬁ serious problems of estimeting fundamental relations from
current cbservations., This whole problem we shall discuss in Chapter V,) For the verin-
tions we dbsérve, it is possible to establish an infinit; of relationships, simply b
combining two or more of the fundamental relations in verious ways. In perticuler, it
might be possible to write one economic variable as a function of a set of other veri-
ables, in a gréat variefy of ways, To state, therefore, that an economic verisble is
tgome function" of a certain set of other wrinbles, docs not mean much, unless we
specify in whet "milieu“ the relation is supposed to hold. This, of course, is Jjust
snother aspect of the general rule we laid down at the beginning of this chopter: The

rule thet every theory should be accompanied by a design of experiments,

L. Parts of Professor Frisch's article “Repercussion Studies at Oslo,"

Americen Economic Review, Volume XYXWITI, No. 3, June, 1948,

A third feature of the work, and the most important, is the analysis of the

structural rcletions thet connect the verious varisbles in the national budgeting system,

The national budgeting system itsclf is only s framcework to keep treck of the varisbles |
involved, The essence of the aroblem, thet part of it in which the questions thot ~ro
really significent from the repercussion viewpoint emerge, is this system of structurel
relations. A few examples will suffice to indicate what I heve in wind when I speak of
structurnl relations. Take, for instance, the relations that show bow the consumption of
& certain commodity depends on the price end on the income in the consumer group and |
on some other factors, Or, take the relations thet show how the expectations of business
enterprises determine the investment activity. These ideas were studied intensively in
the fundamental work of Knut Wicksell some forty years ego and have in our day been
brought into popularity through the writings of Keynes, As a further example, I mey
mention, on the one¢ hend, the comnection that exists between multiplier and acceleration
effects and on the other, the way in which the time curve of ﬁhe starting of capitel pro=

duction determines the time curve of the carry-on=activity in the capital oroducing
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industries, This tvpe of problem was studied in an eséay on impulse problems and
propegafion problems in economic dynamics which T pdbliéhed some years before the war in
the volume in honour of Cassel; Ferther, we have the important group of problems cen-
tering around the supply structure of iabour. Thesc examples will be enough to indicate
what I have in mind when T speak_of structural relations.

From the viewpoint of repercussion studies, it is essentisl t§ look somewhat closer
into the nature of these structural relations., For one thing, it must be pointed out
that a structural relation is conceived of as one_in which the.variables are capable of a
pertial veriation. That is to say, the relation is conceived of as expressing whet would
happen if all fhe variables involved were kept constant e%cept two, and these two varied
together, Further, we must consider how autonomous the relation is. Thﬁs p2int is often
neglected, From the viewpoint of repercussion studies, however, it becomes of crucial
importance, The idea of autonomy can be explained‘as follows, Teke any equation end
ask the question: is the technical and institutionsl setting which sﬁrrounds if and the
behaviour of the individucls involved such that this particular equation will hold good
even though other equations involving the same veriables are destroyed through technical,
institutionél or behaviouristic changes or through the fixetion of some specific verinbles
in the system, fqr instance through a specific economic measure, This, it seems, is the
only wey in which it is possible to define a "causel" relation os distinguished from an
incidental soveristion between economic magnitudes.,

Cbviously, this feature of an equationiis an exceedingly important one when a
question of repercussion comes up., The mture of an equation in this respect should if
possible be discussed in quantitative terms. Some sort of coefficient should be ettri-
buted to it expressing its degree of autonomy. Similar coefficients mey be applied to
parts of the eqﬁation{Wiﬁhéut going into detail I mey say this much, that the autonomy
coefficients will have properties to a larse extent similer to those of probabilities.
They will in = sense express the probebility thet the relation in question exists under

certain assumptions rezerding the existence or non-existence of other equations,or

perts of equgtions. The smeller the range of assumption needed in order to assure a cer-
toin level of probability, the larger the autonomy of the equation, er pert of equation,
in question. Coefficients of this sort will be equally important I believe in a planncd

economy and in an economy that is besed essenticlly on free enterprise.
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The .question then is, how can we proceed in order to arrive at a workoble system
| of structural ¢quetions? In the first plece, o considereble emount of speculative
- thinking must be done., We must use both the theoreticel approech and as much common

| gense as we can,

These equations will then be scrutinized very thoroughly; particularly with a view
| to throwing out any equetion that does not have a high degree of autonomy but is only an
expression for an incidental_covariation.

The further we can go in the direction of eliminating these incidental equations
;\from the system and getting down to equations of as high a degree of autonomy as possible,
| the more sure we will be of having a system which we can rely uson when we are going to
answer questions regarding repercussions, i,e., questions Which‘will in certain eases
1 violate some of the equations in our system, or change some of the structural coefficients
| in these equa.tions,

Having through this a_ priori approach arrived at a preliminary conclusion regarding
5 a desirable system of relations to be considered, the question arises how to get informaé;
; tion about the numerical character of the equations, i,€.; infdrmation about the magni-
tude of the coefficients entering into them, This raises a‘difficult question which is
usually not considered as carefully as it merits,

Let me give you a simplified example of the difficulty I have in mind, Suppose you
are considering a system of three variables., You may measure them along the axes in a
three-dimensional space, £ set of observetions of these varisbles would he represented
by a scatter of points in this three-dimensional spece, Suppose you are trying to ana-
lyze a demand relation, one of the three variables standing for the quantity of a certain
commodity, the second stending for its price, and the third for the income of the con-
sumers, This is tantamount to assuming that, apart from random disturbances, your scatter
will be distributed along a certain surface in the three-dimensional space, To try to
determine the numerical character of this demend relation from the statistical observa-
tions would mean that you let the shape of the scetter of points determine the oceffif
ciente of the equation. But now suppose thet the statistical data at hand setisfy also

some other relation, for instance, a supply reletion. That would mean that the scatter
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of points not only lies in the first surface but also in a second surface, the supnly sur-
fsce. In other words, the scatter of points would not be spread out over the demand

gurface but would, apart from random disturbences, be concentrated along a specific curve

in the demand surface, Cbviously in this case, it would be impossible from the nature

of the scatter to get complete information about the nature of the demand surface, In
other words, we would not have any information ebout demend in the sensc of a relation
thet expresses what would teke place if the variables involved underwent a partinl varia-
tion, -Thus, if by‘ény chance the date at hand satisfy not only that specifiic reletion
which you happen to think of at the moment znd on which you try' to zet numerical informa-
tion,but also setisfy some other relation, then it is in point of principle impossible

to get the kind of numerical information you asre after. You will see immediately

that in o great number of cases, indeed in most caées,‘the dete which ususlly present
themselves to us in economic statistics are of just this kind, It is very seldom

indecd that we have a clear case where the statistical date can actually determine
numerically an autonomous structural equation. In most cases we only get & covarictional
equaticn with a low degree of autoncmy.

This situation is extremely important from the repercussion viewpoint, We must look
for some other means of getting information about the numerical character of our struc-
tural equations. The oﬁly possible wey seems to be to utilize to a much larger extent
then we have done so fer the interview method, i.¢., we must ask éersons or groups what
they would do under such and such circumstences., In daing so we must, of course,

‘Watch our step very carefully to avoid bias in the enswers, & number of pitfalls exist
in this field. ,But,‘after 211, I think that the possibility of getting reasonably
reliable answers is better than:woqld_appear at first sight. There ere two things we

my do in order to assure the answers to be as relisble as possible, In the first placé,
we may use questions which are worked out in such o wey that the informetion we seck

does not come directly from the answers themselves but rather from the solution of a

system of equations connecting these answers, i.e., we¢ try to conceal as much as 00551b1e

 from the intervicwed persons or groups the true object of the interviewing. In the

second place, we will have a check on the answers by noticing whether or not the relations
~ we derive from them, check with the coverintionzl equations which we derive from the usual

f kind of stetistics. Proceeding along such lines it should be possible tg work out 2
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system of corrections to be applied to the answers so 2s to adjust for most of the bias,
of course it is impossible to stete any general rule concerning this, Fach particular

field of enguiry must be judged on its own merits and carefully studied,

5. "Identification Problems in Economic Model Construction" by T.C. Koopmans,

Cowles Commission Discussion Papers, Statistics: 316, July 19, 1948.

1, Statistical inference and the construction of models, In recent jéars an

in‘ci'easing number of authors has resorted to the construction of economic models as the
principal tool of the ahalysis of economic fluctuations and related problems of policy.
In these models, macro-economic varisbles are thought of as determined by a complete

system of equations, The meaning of the term "compléte" is discussed more fully

below, At present it may suffice to describe a complete system as one in which there
are o.s ne;nj eqmtioné as endogenous varisbles, that is, varisbles whoée formation is to
be "explained" by the equations, The equations are usually of three kinds: equations of
economic 'beha;rior,' technological laws of transformation, and definitions, We shall use
the term structu.i‘él equations to comprise all three types of »equations.

Systems of structural equations may be composed entirely on the basis of: éponomic
*theory". By this term we shall umderstand the combination of (&) principles of economic
behavior ’derived from general observation -~ perily introspective, pe.rt;y thrbugh inter-
‘view or experience = of the motives of economic decisions, (b) technoiogicallknowlerzlge s
and (c) ce;‘efully constructed definitions of veriesbles, | Alternatively, a structural
equation system nﬁy be determined on the dunl basis of éuch "theory" conmbined with syste~
matically éollected statistical date for the relevant veriables for e given peried and

cou.ntry or other unit. In this article we shall discuss certain problems thot arise out

"of model construction in the second ce.se.
Where s‘bétistical dete are used as one of the foundation stones on which the equa-
tion system is erected s the modern theory and methods of statistical inference are an

indispensable instrument, However, without "theory" as another foundation stone, it is

impossible to meke such statisticel inference apply directly to the equations of economic

behavior which are most relevant to amalysis ond to policy discussion. Statistical

inference unsupported by ecenomic theory cpplies to whaotever stetistical regularities
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.nd stable relationships can be discerned in the dote.® Such purely empirical relation-
ships when discernablébare likely’to be due to the presence and persistence of the under-
lying structurzl relationships, and (if so) could be deduced from a knowledge of the
latter, However, the dircction of this deduction cannot be reversed - from the empiricel
to the structural relationships - éxcept possibly with the help of o theory which specifies
the form of the structural relstionships, the variables which enter into each, and any
further deteils supported by prior observation or deduction therefrom, The more detailed
these specif‘i-cé‘ti‘ons ére maée in the model, the greé.ter scope is theréby given to sta=-

\ J.ci.s‘bical inference from the date to the structural equsrtions.‘ We pr.'opos.e to étudy the

l 1i_mi£s to which stotisticel inference, from the data to the s_truqtaral eq_ué‘cioqs (other

| tﬁan definitions), is subject, and the manﬁer in which these lim‘its depeu_ﬂ on the éﬁpport
received fromr economic theory.

ihis problem has attracted recurrent discussion in econometric literature, ﬁth
verying terminology and degree of ebstraction, Reference is made to figou ( 15); Henry

Schultz, (16, especially Chepter Ii’, Section IITe), Frisch (4,5), Merschek (14, especié;lly
Scctions IV end V), Heavelmo (6, especinlly Chapter V), An attempt & systematize the ter=

‘minology =nd to formelize the freetment of the problem hes beeﬁ mede over the past few
years by various authors connected in_one woy or another with the Cowle;, Commissiqn fér_
Research in Economics. Since the marpose of this article is e}_;positnry, I sholl dfaw N
freely on the Work by Koopmqns and Rubin 13 , Wald _17 s durwicz 7 , 'Koopmans, |
Rasch and Rucrsgl (12 ) w1thou’c specific acknowledgement in ea ch cese, We shnll nréceed

by discussing o sequencb of examples, all drawn from economtrlcs, rather 'tnan 'by

formnl logicel presentation, which can be found in references (7 ond (12/ .

2. {Conceots and exemvles, The first example, 'mlready frequenulv dlscussed is thz\'b
of o competitive market for o single commodity, of which the price » ﬂnd thc quentity g

_are determined through the intersection of two rectilinenr schedules, of demond end

Supply reswect:n.v»ly, with insta ntr neous resoonse of quantity to orice in both cases.

For definiteness! saxe, we shall think of observetions as applying to successive oceriods
in t:unc. We shell further ~ssume that tnc slope coefflclents a ond Y of the demnnd
and supply schedules respectively ~re constant tnrouch time, but that the levels of the
two schedules zre subject to not directly obscrveble shifts f‘rom zn equilibrium level,

The structural equations can then be written asi

See T.0, roopmans (1l),




(1) {(ld) Q+ap+E=u * (demand)

z(ls) Q+yp+tf=7v ( supply/

Concerning the shift variebles uy and v we shall assume that they are rendom

drewings from a steble joint probebility distribution with mean values equal to zero:
(2) $(u,v), eu =0, ev =0,
We shall introduce a few terms which we shall use with corresponding meaning in all

examples., The not directly cbservable shift veriebles u,v are called latent varicbles,

as distinct from the observed varisbles, p,q, We shall further'distinguish structure

and model. By a strucfure we mean the combinntion of o specific set of structural equd-
tions (1) (such as is obtained by giving specific numericel values tb Oy, €, 1),
nd o specifié distribution functioﬁ (2) of the latent variebles (for instence e normal
distribution with specific, numerically given, variances and covariance,, By a model
we mean‘only a specification of the form of the structural equations (for insténce their
linearity and o designation of the varisbles occurring‘in each equation), and of o class
of functions to which the distribution function of the letent veriables belongs (for‘
instance, the class of all normel biveriate distributions with zero means). More
ebstrectly, a2 model cen be defined as a set of structures, For a useful annlysis, the
model will be chosen so as to incorpores.te relevant_gspriori_knowledge or hypothesés as to
the economic behavior to be &cscribéé, For instence, the model here discussed éan often
be narrowed down by the usual specificetion of a downwerd sloping demond curve and an
upword sloping supply curve:

(3) a>0, Y%;O}

Iet us assume for the sake of ergument that the observations are oroduced by =
structure,; to bc celled the "true" structure; which is contained in {permitted by)/the
model, In order to exclude all gquestions of sampling varisbility (which are a matter for
léter separete inquiry), let us further maké the unreclistic assumption that‘the number of
observetions produced by this structure can be increased indefinitely. What inferences
tan be drewn from these observetions toward the "true" structure?

. . : #
. simple reflection shows thet in our present exemple neither the "true demend

ErY

chedule nor the "true' supply schedule can be determined from sny number of observetions.

0 put the metter geometrically, let eech of the two identicel scatter disgrems in figures
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14 end 1B represent the Jjointly observed values of » and q. A structure competible with
 these observetions can be obtained as follows: Select arbitrarily "oresumptive" slope co--

efficients o and Y‘of the demand and supply schedules, Through each point § (p,q)

of the scatter diagrams drew two straight lincs with slopes given by these coefficients.
The presumptive demand and supply schedulcs will intersect the quentity exis at distences
=€+ u and - n+v from the origin, provided +the presumptive slope coefficients
a and ¥ eare the "true" onecs, We shall assume this to be true in figure 1A, In thet
cesc the values of € and 1} can Ee found from the consideration that the everages of
u énd v in = sufficiently large sampleof observations are practically equal to zero,
However, nothing in the situation considered permits us to distinguish the "true "
slopes a,y  (as shown in Figure 1A) from any other presumptive slopes (os illustrated

in Figure 1B).

P

[V < ~E4+U _ .8 o q
Pigure It ~ Figure IB

any arbitrary set of slope coefficients represents another; stetistically just as

~ccepteble, hypothesis concerning the formetion of the observed voriables.

- Iet us formulete the samc remark algebraically in preperetion for further examoles

in more dimensions, Let the numerical values of the "true" peremeters a, vy, €, 1.

in (1} be known to an individuel who, teking delight in fraud, multiplics the demend
equation (1d) by 2/3, the supply equation (1ls) by 1/3, and adds the result to form an

Gguation

(2@.)’ q + ZGB*YP-O- 28%}L=ur

Wwhich he proclaims to be the demnnd equation, This equation is ectuslly different from

the "truc" demend equatica (ic) beocause (3) implies o $ y.  Similerly he multiplies
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the seme equations by 2/5 end 3/5 respectively, sey, to produce an equation

v!

(28) q + 233 D+ 2€ + 3 _

5 5
jifferent from the "true" supply equstion (1s), but which he presents as if it were the
supply equation., If our prankste? tekes cere to select his multipliers in such a manner
s not to violate the sign rules (3) imposed by the model, the deceit cennot be disco-
vered by statistical anzlysis of any nurber of observations,® Tor the equations (2),
peing derived from (1), are satisfied by all date that satisfy the "true" equations(l).
Voreover, being of the same farm as the equations (1), the equations (2) are equally
scceptable a priori.

The second example differs from the first only in that the model specifies a supply

equation containing in addition an exogenous veriable, To be definite, we shall think of
the supply of an sgricultural product as affected by the rainfoll r during a critical
period of crop growth™ or crop gathering. This varisble is celled exogenous to our model
to express the plausible hypothesis that reinfall v, while affecfing the market of the
commodity econcerned, is not itself affected thereby. Put in mathematical terms, this
hypothesis specifies that the disturbances u and v in

(3) f(3d) q + Op +E=1 (demand)

1(55) Q+yp + v + = v (supply)

ere statisticelly independent of the values assumed by Ve

% The docoit could be discovered if the model were to specify a property (e.ge, inde~
pendence) of the disturbences uand v which is not shared by u!' = (2u + v)73 and

v = {2u + SVLfE. We have not mede such o specification.

## With respect to this example, the assumption of & linear relationship can

be meintained only if we think of a certain limited renge of veristion in rainfall,
inother difficulty with the example is that for most agricultural products, the effect of
price on supply is delayed insteed of instanteneous, as here assumed, & prectically
instentaneous effect can, however, be expected in the gathering of wild fruits of naturc.
xxx Tt is immateriel for this definition whether the exogenous veriable is regarded es &
given function of time - & concept perheps appliceble to a variable set by government
policy = or as itself a random verieble determined by some other structure involving pro-
bebility distributions - o concept applicable perticulerly to weather veriobles, It
should further be noted that we postulete independence between~vy and (u,v), not between

v end (p,q), although we wish to express that v "is not affected by" p and g. The meening
to be given to thc latter phrase is that in other equations expleining the formation of

¥ the varirbles (p,q) do not enter, Precisely this is implied in the stetisticrl indepen=
dence of ¥ and Eu,v%, because (p,q) is by virtue of (3) stotistically dependent on (u,v),
and any role of (p,q) in the determination of ¥ would therefore creste stetistical depen—
dence between v and (u,v,. On the other hend, the postulated statistical independence
between y and (u,v) is entirely competible with the obvious influence, by virtue of (3),
of v on (p,q).
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It will be seen at o glance that the supply equation can still not be determined
from o sample of any size, If,starting from "true" structural equations (3) we multiply

vy =1/2 and 3/2, say, and 2dd the results to obtain & pretended supply equetion,
(us) q+§31.‘2:_92;p+.g§v+§ﬂ_'2:,§..=v,

of the same prescribed form as (3s), any deta will satisfy this equation (4s) as well as
they satisfy the two equations (37.

A similer reasoning can not Be applied to the demand equation in the preseht model,
Any attempt to construct another pretended demana equation by a linear combination in-
volving the supply equation (3s) would introduce into that pretended demend equation the
veriable v which by the hypotheses underlying the model doés-not‘belong in it,

It might be thought that, if y has the properties of a rendom variable, its presence
in the pretended demand equation might be concealed because its “contribution" cannot be
distinguished from the ranmdom disturbence in that equation, To be specific, if 4/3 and
end =1/3 are srbitrarily selected multioliers, the disturbance in the pretended demend

equation might be thought to take the form

5 _4Au ~v =1
(5) ‘u"'-—-s——-—- 3

V.

This, however, would violste the specification thet v is exogenous and thet therefore

v and u' are to be statistiéally independent as well as ¢ and (u,v). The relevence of
*thc exogenous cheracter of v 1o our present discussion is clearly illustrated by this
remérk.

OQur analysis of the second exemple suggests (and below we shall cite = theorem
establishing proof) that a sufficiently large sample dovs indeed contoin informetion with
regerd to the persmeters q,€ of the demond equation -~ it being understood thet such
information is conditionol uvon the validity of the model, It can alresdy now be seen that
there must be the following exception to this statement., TIf in feet (although the model
does not require it) reinfell hes no influence on supply, thet is, if in the "true" struc-
ture 8 = 0, then any number of observetions must necesserily be competible with the model
(l), and hence does not convey informetion with regard to cither the demend equation or the
Supply eépﬂtion.

As a third example we consider a model obteined from the preceding one by the inclusion
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in the demend cqustion of consumers' income i as an cdditional exogenous veriable,
We assume the exogenous cherecter of consumers' income merely for ressons of exvosition,
and in full awereness of the fact that actunlly price and quantity on any market do
affect incomc directly to some extent, while furthermore the disturbances u and v affecting
the market under consideration maykwellrbe correlsted with similar disturbences in several
other markets which together have a considerably larger effect on consumers' income,

The structural cquations are now

it

5 ('(ed) q+ap+Pi+e=u (demend)

) i(ss) q+yp +0v+1=v (supply)
Since ench of the two equations now excludes o varieble specified for the other equatioﬁ,
ncither of them can be replaced by e different linear combination of the two without
altering its form., This suggests, and proof is cited below, that from a sufficicntly
lerge sample of observations, the demend cquation can be determined provided rainfall
actunlly affects supply(ed # 0), and the supply equation can be determined provided

consumers! income actually offects demond (B # 0),

The fourth cxample is designed to show thet situctions moy occur in which some but

not all parameters of a structural equation can be determined from sufficiently mony
observe.tions. ILet the demand equation contain both this yeer's income 1oenﬁ last year's
incomei”l but let the supply equation not contain eny variable absent from the demand
equation®

(7d) q+ap +Bi+Bj1,+E=U

(7)

[ {78) Qg+yp+=7v
Now obviously we cannot determinc either g or g, beceuse linear combinztions of the
equations (7) can bc constructed which have the seme form es (7d) but other™ velues

‘o' and gt for the coefficients g and €, However, as long as (7d) enters with some

non-venishing weight into such e lineer combination, the retio
® B4l 8,
is not affected by the substitution of thet linear combination for the "irue" demand

 equation. Thus, if the present model is correct, the observetions contain informetion

With respect to the reletive importonce of present and pe.st income to demnnd, whereas

they are silent on the price elasticity of demend.,

® is rcegerds €' this is true whenever &, As regerds o' it is safe-guarded by (3).
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The f£ifth example shows that an assumption regarding the joint distribution of the

disturbances u end v, where justified, mey open the door to a determinction of a structursl
equation which is otherwise indeterminete, Returning to the equation system (3) of our se=
cond example, we shall now meke the model specify in addition thet the disturbances u in
demand and v in supply are statistically independent, Remembering our previous stetement
that the demand equation can already be determined without the help of such an assumption,
it is clear that in sttempting to construct a "pretended" supply equation, no linear com-
pination of the "true" demand end supply equations (3), other than the "true" supply
equation (js)‘itéelf, can be found which preserves the required independence of distur-
bences in the two equa’cioﬁs-. Writing A and 1-\ for the multipliers used in forming such
& lincar combination, the disturbence in the pretended supply equation would be

(9) V! =.kn-+ (1 - LJV;
Since u end v ere by assumption independent, the disturbance v! of the. pretendcd supply
equetion is independent of the disturbance u in the demand equation already found deter=—
mineble if and only if N =0, i.e, if the pretended supply equation coincides with the
"true" one. |

3, The identificetion of structural perameters, In our discussion we have used the

phrase "a perameter that can be determined from a sufficient number of ob_servations".

We»shall now define this concept more sharply, and give it the name _identifiability

of a paraﬁeter. Instead of reasoning, s before, from "a sufficiently large number of
observetions" we shall base our Aiscussion on & hypotheticel knowledge of the probability
distribution of the observgtions, as defined more fully below, It is clear that exact
kncwledgerof.fhis probability distribution cannot be derived from any finite number of
observations. Such knowledge is the limit-approachable but not attainable by extended
observation. By nevertheless hypothesizing the full availability of such knnwlé&ge, we

obtein a clear separstion betwecn problems of stetistical inference arising from the ve-

rinbility of finite samples, and problems of identification in which we explore the limits

é to which inference even from an infinite number of obscrvations is subjuct.

A structure hes been defincd as the combination of a distriution of latent variables

and a complete sct of structural equations, By & complcte set of equetions we mean a set

of &5 many equations as there are endogenous variables, Each endogenous variable may

ocour with or without time legs, and should occur without lag in at least oreequation,
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Pinslly, the set should be such zs to permit unique determination of the non—lagged'values
of the endogenous verisbles from those of the logged endogenous, the exogenous,

and the latent variables., By endogenous varisbles we mean cbserved variables which are not

exogenous, i.e., variables which are not known or assumed to be statistically independent.
of the latent werisbles, and whose occurrence in one or more equations of the set is
necessery for its completeness,

Tt follows from these definitions thet, for any specific set of walues of the exogenous
variables, the distribution of the latent v*ariabl‘es (one of the two components of & given
structure) entails or generetes, through the structural cquations (the other component of
the given.struoturc), a probability distribution of the endogenous veriables. The l=atter
distribution is, of course, conditionsl upon the specificd valucs of the exogenous veriables
for ezch time point of observetion. This conditional distribution, regerded again as 2
function of all specified velues of exogenous veriebles, shall be the hypothetical drtum
for our discussion of identification problems,

Wo shall call two structurcs S and St (observetionally) equivalent (or indistinguish-
able) if the two conditional distributions of endogenous variables generated by S and §'
are identical for all pcséible values of the exogenous veriables, We shall cell a struc—

ture S permitted by the model (uniquély) identifisble within that model if there is no

other equivelent structure &' contained in the model, Although the proof has not yet been
complctely indicated, it mey be stated in j1lustration that in our third examole almost

all structures permitted by the model are identifisble. The only exceptions ere those with
cither 3 =0 or S =.0 :(6r both/, In the first and sccond examples, however, no struc-
ture is identifisble, aithodgh in the second example, we have stated that the demond eqpa—,‘
- tion by.itself is determinate, To cover such cases wo shallvsay that a certain parcmeter

8 of & structure S is uniquely identifiable within a model, if thet peremcter hes the seme

value for all structures S!' equivalent to S, contained in the model, Finally, o structural
cquation is seid to be.iﬁﬁﬂiiﬁi&klﬁ if 21l its perametbers are.

This comvletes the formel definitions with which we sholl operrte. They can be summa-=
rized in the stetement that anything is colled identifieble, the knowledge of which is
implied in the knowledge of the distribution of the endogenous varinbles, cccepting the
moael es valid, Ve now‘procced to o disoussion of the application of this consept to linea

models of the kind illustrated by our examples.
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L. Identifierbility criterie in lineer models, In our discussion of these examples,

+ hns becn possible to conclude to non-identifisbility of certein structural equations or
erameters, whenever we were able fo construct different linesr combinations of some or all
squations, which likewise meet the specificetions of the model, In tﬁe opposite czse, where
/ could show thet no such different lineer combinstions exist, we cculd not yet conclude
lefinitely thet the equation involved is jdentificble, Could perheps other operations

then linesr combinstion produce equations of the seme form?

We shall now cite a theorem which esteblishes thet no other operaﬁions can achievce this.
'he theorem rclates to models specifyigg 2 complete set of structurel equations as defined
.bove, end in which endogenous and exogenous verisbles enter 1ihearly. Any time legs with
vhich these weriables may occur are supposed to be integrel multiples of the time unit to
which eacﬁ observa.tion applies, Furthermore the exogenous variables (considered as different
verisbles whenever they occur with a different time lng) are assumed to be linearly inde-
pendent., Pinelly, although simultaneous disturbences in different structural equations
~re permitted to be correlated, it is assumed thet any disturbences operating i different
time units (whether in the same or in different structurel equetions) ere statistically
independent,

Suppose the model does not specify anything beyond what has been stated. That is, no
rcetrictions are specified yet, thet exclude some of the wvrrisbles from specifié eque.tions,
Obviously, with respect to such a2 brorcd model, not a single structurel equation is identi=-
finble., However, a theorem has been proved (13) to the effect thet, given e structure S
within the.t model, sny structure S' in the model, equivalent to S, cen be derived from ©
by replacing each cquation by some lineer combination of some or'all equations of S.r

Tt will be cleer that this theorem remeins trué if the model is narrowed down by &x-—
cluding certein variables from certain cquotions, or by other restrictions on the paramcters,
Thus, whenever in our exemples we heve concluded thet different linear combinations of the
seme form prescribed for a structurel eguation did not exist, we heve therewith ¢stablisned
the identifiability of that equation. Vore in general, the analysis of the jdentifiability
of & structursel equation in a linear model consists in 2 study of the possibility to oroduce
o diffcrent equetion of the same presceribed form by lineer combination of ell equations.

Tf this is shown to be impossible, the cquation in qﬁestion is fhereby oroved to be identi-

fieble., To find criteris for the jdentificbility of o structurel cquetion in 2 linear model
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js thercfore o straightforwerd methematical problem; to which the solution has been given

¢lsewhere(13). Here we shell stete without oroof whet the criterie are.

£ necessery condition for the identifiability of o structurel equetion within a given
lineer model is that the number® of varisbles excluded from thet equation (more generslly:
he number of lineer restrictions on the peremeters of that equation) be ot least equal

to the number (G,say) of structural equations less one., This is known as the order condi~

tion of identifisbility, A necessary and sufficient condition for the identifiability of

e. structural cquation within o linear model, restricted only by the exclusion of certzin
veriables from certaein equations, is that we cen form at least one non-venishing determis
nent of order G-1 out of those coefficients, properly arranged, with which the variables,

excluded from that structural equation, appear in the G-1 other structural egqustions,

B

This is known as the rank condition of identifisbility.

The applicetion of these criteria to the foregoing exemples is streishtforward,
In all cases considered, the number of structural equations is G = 2, Therefore, any of
the equatiqns involved can be identifiable only if at least G = 1 = 1 varisble is excluded
from it by the model, If this is so, thé‘eqpation is identifiable provided at‘;east one of
the variables so excluded occurs in the other equation with non-vanishing coefficient
(e determinant of ofder 1 equals the value of its one and only element/,

5, Tdentification through disaggregation, As a further exercise in the application

of these criteria, we shall consider a question which has already been the subject of a dis—
cussion between Ezmekiel (2,3) znd Klein (8,9), The question is whether identifiability
of thé investment equation can be attained by the subdivision of the investment variecble
intp separate categories of investment, In the discussion referred to, which took place
before the concepts and terminology employed in this article were developed, questions
of identifiability were discussed slongside with questions regarding the merit of particu=
lar economic assumptions incorporated in the model, and with questions of the statistical
method of estimating parameters that have been recognized as identifiable, In the present
context, we sﬁall avoid the latter two groups of oroblems and concentrate on the formel
analysis of identifiability, accepting a certain model as valid for purjoses of discussion.
48 a sterting point we shall consider = simple model expressing the crudest elements

of Keynesian theory. The veriables are, in money amounts,

Again counting lagged variables as separate variables,
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S savings

I investment
Y <ncome
Y

_ljincome lagged one year.

The structural equations are,
(11i@¢) s -1 =0
(11) (118)»» S - Uy Y = Op¥ g~ aoé un
(111} I-6,¥-58Y B~

of these,\the first is a definition expressing the well~known savings-investment identity.
The second is a‘behavior equation of consumers, indicating ﬁhét the money amouht of their
savings (income not spent for consumption) is determineé by present and past income, sub=
ject to a random disturbance u, The third is a behavior equation of entreprenéurs, indica-
ting that the money amount of investment is determined by present and past income, subject
to a random disturbance v;

Since the identity (116} is fully given a priori, no question of identifiébility arie
ses with respect to -the first equation. In both the secbnd and third equations, only one
variable is excluded ﬁhich appears'in another equation of the model, and no other restric-
tions on the coefficients are stated,® Hence both of fhese éqpations already fail to meet
the necessary cfdér criterion of'identifiability. This could be expected because the two
equations connect the same savings—~investment variable with the séme two income verisbles,
and can thefefore not be distinguished statistically.
| Ezekiei attempts to obtain jdentifiability of the structure by = refinement of the
model through subdivision of aggregate investment I in the following four components:

Il investment in plant and equipment
12 investment in housing

(12a) Ij.temporary investment: changes in consumers' credit and in
business inventories. '

14 quasi=investment: net contributions from foreign trade and
the government budget.

% The normelization requirement that the verisbles S and I shall have coefficients

+1 in (118) and (111, respectively does not restrict the relationships involved but merely
serves to give a common level to coefficients which otherwise would be subject to arbi-
trary proportional variation, - v
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For each of these types of investment decisions, a separate explanatory_equation is either -
introduced explicitly or implied in the verbal comments., In attempting to formulate

these explanations in terms of a complete set of behavior equstions we shall introduce

two more varisbles:

( . 'f{H semi-independent cycle in housing investment
12b) .

E autonomous component of quasi-investment.
In addition, linear and qpadfatic functions of time are introduced as trend terms in
" some eqpafions by Ezekiel., For purposes of the present discussion, we may as well dis-
regard such trend terms, because they would help toward identification only if they could
be excluded a_ priori from some of the equations while being included in others -~ a wosition
advocated neither by Ezekiel nor by the present author.

With these qualifications "Ezekiel's model" can be interpreted as follows:

"(1314d) S - Il~ Iz— Isv 14 =0
(133) S «qaiY - azY;l - 0,= u
(133) 5 - By - BY “ BN (13)
(131,) 1, "y s YY~ H S
, @1313) I, - ElY - SEY;I - 5o= Vs
(131,) I,m 8Y = BY 4 -E-€e~v,

(13id) is the savings-investment identity, (13S) repeats (118), and (1311) is modeled
after (111)., More specific éxplanations are introduced for the three remaining types
of investment decisions:
lousing investment decisions I, are explained partly on the basis of income™ ¥,

partly on the basis of a "semi~independent housing cycle" H, In Bzckiel's treatment

H is not an independently observed variable, but a smooth long cycle fitted to T,
We share Klein's objection (8,p. 255) to this procedure, but do not think that his pro-
posal to substitute a linear function of time for H does justice to Hzekiel's argument.
The latter definitely thinks of H as produced largely by a long-cycle mechanism peculiar
to the housing market, and quotes in support of this view a study by Derksen (1) in which

this mechanism is analyzed. Derksen constructs an equation eXplaining residential con-

% We have added 2 term with Y , because the exclusion of such a term could hardly be
mede the basis for a claim of identifiebility.
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struction in terms of the rent level, the rate of chanée of income, the level of building
cost in the recent past, and growth in the number of familiesy he further explains the
rent level in terms of income, the number of families and the stock of dwelling units
(all of these subject to substantial time lags). The stock of dwelling units, in i%s
turn, represents an accumulation of pest construction diminished by devrccietion or
demolition. Agein acdepting without inquiry the economig assumptions involved in these
explanations, the point #0 be made is that H in (ljlé)can be thought to represent spe-
cific observaeble exogenous and past endogenous v*arialﬁles.

'I‘em__oorary investment 13 is related vby Ezekiel to the rate of change in incowme.
Quasi=-investment Il, is related by him pertly to income® (especially viagovernment rcve-
nue, imports), partly to exogenous factors underlying exports and goverment expenditure
where used as an instrument of policy, The variable E in (l}%ﬁ) is thercfore similer to

H in that it can be thought to represent observable exogenous or ps.st endogenous vari-

ebles, We conclude that the oresence of the veriables Hand E S0 interpreted : does not

upset the completencss of the set of equetions (13) in the sense defined ebove,

Let us now apply our criteria of identifisbility to the behavior equations in (13).
In each of these; the number‘of_exoluded verisbles is at least 5, i.e., at least the
ntcessary number for identifiability in =z model of 6 equations, In order to apply the
‘rank criterion for the identifiability of the seving equation (138), say, we must consider

the me.trix

() (3 () @® @
-1 -1 -1 -1 0 0
1 0 0 0 0 0
{14) :
0 1 - 0 0 C =1 0
0 0 1 0 0 0
0 0 C 1 0] -1

There are several ways in which a non-venishing determinant of order 5 can be selected

from this matrix, One particular way is to teke the columns labeled 11,12,15, H , B

It follows that if the present model is valid, the savings equation is .indeed identifiable,
Tt is essily seen that the same conclusion applies to the equations explaining

investment decisions of the types Iland 13‘ Iet us now inspect the rank criterion

% e neve again added a term with Y;l“on grourds similar to those stated with respect
to (131) -
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matrix for the identifiability of (1312):

— -
e 1 (1 (0 ®
1 -1 -1 ~1 0
1 0 0 0 0
(15) o 1 0 0 0
0 0 1 0 o
0 0 0 1 = U
e ek

Again the determinamtvalue of this square matrix of order 5 is different from zero,
Hence the housing equation is identifiable, A similar analysis leads to the same conclu=-
sion regarding the equation (13 14) for quasi=investment,
Taking a look at the way in which these conclusions were reached, one notices that
identifiability was attained not through the mere subdivision of total investment, but
as a result of the introduction of specific explanatory veriables applicable to some but
not all components of investment., Whenever such specific varisbles are available in
sufficient number and variety of occurence, on good grounds of economic theory
as defined above, the door hss been opened in orinciple to statistical inference regerding
behavior parameters - inference conditional upon the assumptions derived from “theory".
How wide the door has been opened, i.e,, how much accuracy of estimation can be
attained from given date, is of course a mtter depending on weny circumstances; and to
be explored separately by the appropriate procedures of statistical inference." In the
present case, the extent to which the exclusion of H »and/or E from certain equations
contributes to the reliability of estimotes of their parameters depends very much on
whether or not there are pronounced differences in the time-paths of the three predeter-

mined variables Y., H E, i.e,, the variables determined either exogenously or in

earlier *time units., These time~paths represent in a2 way the basic patterns of movement

in the econdmic model considered, such thet the time-paths of all other wvariables are
linear combinations of these three paths, modiffied by disturbances, If the three basic
paths are sufficiently distinct, conditions are favorable for estimation of identifiable
parameters, If there is considerable similarity between any two of them, or even if there
is only a considerable multiple correlation between the three, conditions are adverse.

6. Implications of the choice of the model, It has already been stressed repeatedly

2 We are not concerned here with an evaluation of the perticular estiration procedures
applied by Zzekiel.



-57 =

that any statistical inference regarding identifiable srameters of economic behavior is
conditional upon the validity of the model, This throws great weight on a correct choice
of the model. We shall not attempt to meke more than a few tentative remerks about the
considerations governing this choicefg

T+ is an important question to what extent certain aspects of a model of the kind con-
sidered above are themselves subject to statistical test, For instance, in the model
(13) we have specified linearity of each equation, independence of disturbances in success-
ive time units, time lags which are an integral multiple of the chosen unit of time, as
well as exclusions of specific variables from specific equations. It is often possible -
to subject one particular aspect or set of specifications of the model to a stetistical
test which is conditional upon the walidity of the remaining specifications, This is,
for instance, the case with respect to the exclusion df any variable from any equation
whenever the equetion involved is identifisble even without that exclusion. However, at
least three difficulties arise which point to the need for further fundamental fésearch
on the principles of statistical inference,

In the first place, on 2 given besis of mainteined hypotheses (not subjected to
test) there may be several slternmative hypotheses to be tested, Tor instance, if there
are two varisbles whose exclusion, either Jjointly or individually, from a given eqpation
is not essential to its identifiaﬁility, it is possible to test separately (a) the
exclusion of the first variable, or (k) of the second veriable, or (c) of both variables
simulteneously, as against (a) the exclusion of neither variable, However, instead of
three separate tests, of (2) against (d), (b) ageinst (d) and (c) against (d), we need
& procedure permitting selection of one of the four altermatives (a),(b),(c),(a)e An
extension of current theory with regard to the testing of hypotheses, which is concerned

only with choices between two alternatives, is therefore needed,

» In an earlier article (11) I have attempted, in a somewhat different terminology, to
discuss that problem. That article needs rewriting in the light of subseqguent develop-
ments in econometrics. It unnecesserily clings to the view that each structural equation
represents a causal process in which one single dependent varisble is determined by the
sction upon it of all other variables in the equation., Moreover, use of the concept of
identifiebility will contribute to sharper formuletion and tresatment of the problem of the
choice of a model., However, the most serious defect of the article, in my view, cennot

yet be corrected. Tt arises from the fact thet we do not yet have z setisfectory stetisti-
cel theory of choice among several elternative hypotheses, )
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Secondly, if certsin specificstions of z model cen be tegted given 211 other sopecifica=
tions, it is usually possible in many different weys to choose the set of " other spe-
cifications which is not subjected to test. It mey not be possible to choose the mini—
mum set of untested specificetions in sny way so that strong a_priori confidence in the
untested specificetions exists. Even in such a cese, it mey neVertheless happen thet for
eny choice of the set of untested specifications, the additional specifications, while
confirmed by test, also inspire some degree ofvgwggiggg confidence, 1In such & case,
the model o8 o whole is more firmly esteblished than any selected minimum set of untested
specifice.tions, However, current theory of stetisticel inference provides no means of
giving quantitetive expression to such partial and indirect confirmation of enticipation
by observs.tion.

Finz1lly, if the choice of the model is influenced by the same date. from which the
structural perameters are estimetced; the estimeted sempling variances of these estimated_
peremeters do not have thaet direct relation to the relisbility of the estimeted peramehrs
which they would heve if the estimation were besed on & model of which the velidity is
given @ priori with certainty.

7. For whot purposes is identificetion necessary? The question should finnlly be

considered why it is at -all desirable to postulate a structure behind the probebility
distribution of the varisbles and thus to become involved in the sometimes difficult
problems of identifisbility. If we regerd as the mein objective of scientific inquiry
to make prediction possible end its relisbility sscertainnble, why do we need more then
& knowledge of the probebility distribution of %the verisbles to permit prediction of
one veriable on the basis of known (or hypothetical) simulteneous or eerlier values of
other veriables?
Knowledge of the probebility distribution is in fect sufficient whenever there is
" no change in the structural peremcters between the period of observation from which
such knowledgé is defi&ed ané the period to which the vrediction applies. However, in
most practical situations it is’rquired to‘predict the values of one or morc economic
veriobles, either under changes in structure that come sbout indevendently of the
cconomist's advice, or under hypothetiéél chenges in structural seremeters thet can
be brought cbout through policy besed in part on the prediction mdc. In the first

case knowledge mey, and in the sccond case it is likely to, be aveilable &s to tho
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effeot of such structursl chenge on the veremeters., Ain oxemple of the first cesc is a
well-csteblished chenge in consumer's preferences. An examble of the second case is a
changeiin the sversge level or in the progression of income tax rates,
In such coscs, the "new' distribution of the verisbles on the basis of which oredic-
tions are to be constructed cen only be derived from the "old" distribution preveiling

before the structural change, if the known structural chrnge cen be apolicd to identi-

fiable structural peremcters, i.c¢, parametcrs of which knowledge is implied in o kaow=
ledge of the "old" distribution combined with the s priori considerations that have entered

into the model.”

® For o fuller stotement of the reletion of the identificetion oroblem to tha® of ore-
diction ofter structural chenge sce  Hurwicsz (7).
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